HODGE THEORY IN THE SOBOLEV TOPOLOGY FOR THE DE 

RHAM COMPLEX 

LUIGI FONTANA, STEVEN G. KRANTZ, AND MARCO M. PELOSO 

Abstract. The authors study the Hodge theory of the exterior differential oper- 
ator d acting on q- forms on a smoothly bounded domain in M^+^, and on the half 
space R;'^^^. The novelty is that the topology used is not an topology but a 
Sobolev topology. This strikingly alters the problem as compared to the classical 
setup. It gives rise to a boundary value problem belonging to a class of problems 
first introduced by Visik and Eskin, and by Boutet de Monvel. 
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PRELIMINARIES 

0. Introductory Remarks 

Fix a smoothly bounded domain Q C In classical treatments of the d 

operator (see WE|| ) , one considers the complex 

yyi? d ^ ^^^^ > 

Here denotes the g-forms of Cartan and de Rham having L^(fi) coefficients and 
the operator d is understood to be densely defined. One considers the operator 
□ = dd* + d*d. Here the adjoints are calculated in the L^(f2) topology. 

Now □ makes sense on those forms if) such that -0 G dome?* and dip G dome/*. One 
can decompose the space A'' into (the closure of) the image of □ and its orthogonal 
complement. Then one exploits this decomposition to construct a right inverse for □. 
This inverse is easily used to show that □ and its accompanying boundary conditions 
form a second order elliptic boundary value problem of the classical (coercive) type. 

In 1963, J.J. Kohn ||K0H1|| determined how to carry out the analog of these last 



calculations for the d operator of complex analysis on a strongly pseudoconvex domain 
VL in C". This is the so-called 9-Neumann problem. Of course this analysis, while 
similar in spirit, is much more complicated. It gave rise to the important "Kohn 
canonical solution" to the equation du = f. That is the solution u that is orthogonal 
to holomorphic functions in the L'^{Q) topology. 

Experience in the function theory of several complex variables has shown that it is 
useful to have many different canonical solutions to the 9-problem. For instance, in 
the strongly pseudoconvex case we profitably study the Kohn solution by comparing 
it with the Henkin solution (not canonical, but nearly so), see [[HEN|| , and the Phong 



solution (determined in the L (dQ) topology rather than the L (f2) topology), see 

riioi 



HODGE THEORY IN THE SOBOLEV TOPOLOGY 



3 



The ultimate goal of the program that we are initiating in this paper is to construct 
solutions to the d problem that are orthogonal to holomorphic functions in a Sobolev 
space inner product. There are a priori reasons for knowing that this program 
is feasible. First, Sobolev space is a Hilbert space, so there must be a minimal 
solution in the Sobolev topology. Second, Boas ||BOA|| has studied the space of 
holomorphic functions as a Hilbert space with reproducing kernel. The associated 
Bergman projection operator is of course closely related to the Neumann operator 
for the d problem. 

The present paper carries out the first step of the proposed program. We work 
out the Hodge theory for the exterior differentiation operator d in the inner product 
induced by the Sobolev space topology. Of particular interest are the boundary 
conditions that arise when we calculate the adjoint d* in this topology, and the elliptic 
boundary value problem that arises when we consider □ = dd* + d*d. We calculate a 
complete existence and regularity theory. 

In this paper, we restrict attention to the case s = 1. This is done both for 
convenience and to keep the notation relatively simple — even in this basic case the 
calculations are often unduly cumbersome. In geometric applications, the case s = 1 
is already of great interest. We leave the detailed treatment of higher order s to a 
future paper. 

In future work, we will carry out this program of analysis in the Sobolev space 
topology for the 9-Neumann problem on a strongly pseudoconvex domain. Not only 
will this give rise to new canonical solutions for the d problem, but it should give a new 
way to view the Sobolev regularity of the classical d problem, and of understanding 
the subelliptic gain of 1/2 in regularity. 

Essentially the paper is divided into two parts. In the first of these we study the 
boundary value problem that arises from our Hodge theory on the special domain 
given by the half space, and in the second one we deal with the problem on a smoothly 
bounded domain. We would like point out that the second part has been written so 
that it can be read independently from the first part. When we use results from the 
half space case, we give precise reference to them. 

In detail, the plan of the paper is as follows: Section 1 introduces basic notation 
and definitions, while in Section 2 we formulate the problem and states the main 
results. Sections 3 through 6 are devoted the problem on the half space. 

In Section 3 we calculate the operator d* on 1-forms and also calculate its domain 
when the region under study is the upper half space M^"*"^. Section 4 completes the 
detailed calculation of d* . Section 5 applies a pseudodifferential formalism developed 
by Boutet de Monvel to the study of our elliptic boundary value problem. This section 
is included essentially to show how the boundary value problem under investigation 
can be view as an example of a very general kind of problem first introduced in 



[BDM1]-[BDM3] and in | ESK |. In Section 5 we explicitly construct the solution 



of the boundary value problem on the half space in the case of functions. Section 
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6 studies the problem for g-forms. Sections 7 through 12 deals with the problem 
on a bounded smooth domain. In Section 7 we set up the problem and calculate 
the domain of d* and the semi-explicit expression for d* . In Section 8 we introduce 
notation and some technical facts needed in the sequel. Section 9 contains the proof 
of the coercive estimate, and the proof of our result about existence of solutions for 
the boundary value problem. Section 10 is devoted to the proof of the a priori 
estimate in the case of functions. Section 11 gives the proof of the regularity result 
in the case of g-forms. Finally, in Section 12, we conclude the proof of our main 
result in the case of a smoothly bounded domain. 

We thank G. Grubb for helpful communications regarding this work. 



1. Basic Notation and Definitions 

We use the symbol d to denote the usual operator of exterior differentiation acting 
on g- forms. We let Vt denote a smoothly bounded domain in M^"*"^. Usually, for 
simplicity only, a domain is assumed to be connected. The symbol A''(^) denotes the 
g-forms on Vt with smooth coefficients. The symbol Ao(^) denotes the forms with 
coefficients that are C°° and compactly supported in VL. We let t\^{yL) denote the 
g- forms with coefficients that are smooth on VL, and Ao(^) denote the g-forms with 
coefficients in C°°{VL) and having compact support in Vt (that is, the support may 
not be disjoint from the boundary of VL). 

Some of our explicit calculations will be performed on the special domain M^^^ = 
{x = {xo,xi, . . . ,xn) G R^"*"^ : Xq > 0}. The half space is of course unbounded, so 
the function spaces we deal with must take into account the integrability at infinity. 
On the other hand the half space has the advantage of allowing explicit calculations. 

If C is an operator on forms, then C denotes its formal adjoint, that is, its adjoint 
calculated when acting on elements of Ao(^)- 

In the discussion that follows we let Q denote either a smoothly bounded domain 
Q, or the half space M:?J^"*'^. If s is a non- negative integer then the s order Sobolev 
space norm on functions on Q is given by 



E 

\a\<s 



dx"" 



L2(C) 



The associated inner product is 



\a\<s 

Here dV stands for ordinary Lebesgue volume measure. 

For s a non- negative integer we define the Sobolev space W^IQ) as the closure of 
C^(fl). When s E M+ we define W'^{ri) by interpolation (see [|LIM|] for instance). 



Moreover, for s G M+, we denote by VV^ (fi) the closure of C^(fi) in W'^{^1). When 
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s < we define the negative Sobolev space W^{Q) to be the dual of (Q) with 

respect to the standard L^-pairing. 

On the Euchdean space ]R^+^ we consider the Fourier transform defined initiaUy 
for a testing function / G as 

Jrn+1 

We will also consider the tangential Fourier transform of functions defined on the 
half space R^+^i If / e C~(rJ+^) we set 

We denote the inverse tangential Fourier transform of a function g{xQ, by g{xQ, x'). 

For any s G M the Sobolev space iy*(M^+^) can be defined via the Fourier trans- 
form. Indeed, we set 

W^(M^+i) = {/ G L2(M^+1) : / {l + \C\'mfm'di < oo}. 

We will also consider the Sobolev spaces defined on the boundary of our 

domain, s G M. In the case O = ]R^+^, W^{bQ) is just the classical Sobolev space on 
M^. In the case of a smoothly bounded domain Q, the Sobolev space can be defined 
by fixing a smooth atlas {xj} on dft, letting (pj be a partition of unity subordinate 
to this atlas, and defining the Sobolev norm of a function / on bD, as 

ll/llw^Cbf^) ^^Mjf ° Xj ^Ww'im)- 
j 

Of course this norm is highly non-intrinsic, but a different choice of an atlas gives 
rise to an equivalent norm. 

On the half space M^+^, and on a bounded domain fi, we consider the space of 
g-forms with coefficients in W^. We denote such spaces by W^{R.^'^^) and W^{Q) 
respectively. Fix the standard basis for g-forms: {dx^}, where / = {ii, . . . ,iq) is an 
increasing multi-index, i.e. < ii < ■ ■ ■ < ig < N. The Sobolev inner product on the 
space of g-forms in the case s a non-negative integer is given by 



I \a\<s' 



where the integral is taken over all of space, i.e. either on R^J^+ or on fl. In the case 
of general s, for G A'^) = J2i (/^idx^ , we define the norm of (J) by 

Of course is a Hilbert space when equipped with the foregoing inner product. 
(In particular, can be identified with its own dual in a natural way.) 
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Until further notice, we use Dj to denote the partial derivative in the j^^ variable, 
and if a = {a^, ai, . . . , un) is a multi-index then we let denote the corresponding 
differential monomial. 

2. Formulation of the Problem and Statement of the Main Results 
Given the operator 

we think of it as a densely defined operator on the space of g-forms with co- 
efficients in W'^, both in the case of the half space and also in the case of a 
smoothly bounded domain f2. Let d* denote the 1^^-Hilbert space adjoint of d. It is 
a densely defined (unbounded) operator 

d* : Wl^, Wl 

We shall study the boundary value problem 

' {dd* + d*d)(t) = a on R^+i (resp. on 9) 
(f) e dom d* , 
d4> e domd* 

for a G W^{fl); we shall prove existence and regularity theorems, both in the case of 
the half space and of a smoothly bounded domain, for g-forms, q — 0, 1,...,A'"-|-1. 
The conditions (f), d(f) & dom d* are ultimately expressed as boundary conditions. 
Our main results are the following. 

Proposition 2.1. Let VL denote a smoothly bounded domain, or the special domain 
m^+\ Let 0,1,..., N. Then we have 

domd* n /\l^\n) = {4>e ^n<P[fil^= o}. 

Here V^j denotes the covariant differentiation of a form in the normal direction, and 
"[" the contraction operator between a form and a vector field. 

The next result shows a striking difference with the classical case. We begin with 
the case of ]R^+^. Here, and in the rest of the paper, we denote by A' the Laplace 
operator defined on the boundary of the half space: 

N Q2 

j=i 



Proposition 2.2. Let d' denote the formal adjoint of d. Then on domd* we have 

d* ^d' + JC, 
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where /C is an operator sending {q + 1)- forms to q- forms. The operator K, is the 
solution operator of the following boundary value problem 



In the case of a smoothly bounded domain we have the following: 
Proposition 2.3. Let fl be a smoothly bounded domain. Then, on domd*, 



where d! is the formal adjoint of d, and ICq is an operator sending {q + l)-forms 
to q-forms. The components of )C4> are solutions of the following boundary value 
problems 



where T2 is a second order tangential differential operator on forms (to be defined in 
detail below). 

At this point we fix the following notation that we will use throughout the entire 
paper. 

Definition 2.4. On the half space R^+^ we set 




Explicitly ifcj) e A''+' = J:\i\=q+i<l>idx', then 



d* = d' + ICn, 



< 



(- A+/)(;Cn0)/ = O onn 
-^(/Cn0)/ = T20[n onbVt' 



G = ICd + die, 
and for a smoothly bounded domain fl we set 

Gn — ]Cnd + dJCci. 
Notice that our boundary value problems become 

'{-A+G)(f)^a onR^+i 




(2.1) 



'{-A+Gn)(l)^a onQ 



< (f) e dom d* 
^ d(f) e dom d* 



(2.2) 
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We are now ready to state our results about existence and regularity of the boundary 
value problem. 

THEOREM 2.5. Let s > 1/2. Let a E W^(R^+^), suppa C {x : |x| < R}. Let 
N > A, Then there exists a unique tempered distribution solution of the boundary 



value problem J| j such that 

||0||s+2 < c||a|U 

where c = c{s, R) > does not depend on a, nor on (p. 

If N = 2,3 and J ai dx = 0, and if N = 1 and J x^ai dx = when < 1, then 
the conclusion as above still holds. 



THEOREM 2.6. Consider the boundary value problem Let s > 1/2. Then 

there exists a finite dimensional subspace (the harmonic space) Tiq of tK^iVL) and a 
constant c = > such that if a G WHVt) is orthogonal (in the -sense) to Hg, 



then the boundary value problem ( |2..2| ) has a unique solution (p orthogonal to Hg such 
that 

h2 < cllaL. 



Remark. If s < 1, by saying that a is orthogonal in the M^^-sense we mean that 
a is VT'^-limit of smooth forms that are orthogonal in to Tig. 
Finally we have 

THEOREM 2.7. Let n be a smoothly bounded domain in Let de- 

note the 1-Sobolev space of q-forms. Then we have the strong orthogonal decompo- 
sition 

w; = dd*{wi)^d*d{wi)^ng, 

where Tig is a finite dimensional subspace. 
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3. The Operator d* on 1-Forms and Its Domain 



The aim of this section is to determine dome?* n A^(IR+^^), and to give an exphcit 
expression for d*. 

Easy computations show that the formal adjoint d' of d with respect to the inner 
product of is the same as the formal adjoint in the classical L^-case. Therefore, 
for (f) e Ao(^+^^), = E^lo (Pj dx\ we see that 

JV 

d'(f) = — ^ = — div (f). 

j=0 

It is not hard to see that the specific form of d' is independent of which order s of 
Sobolev inner product we use. 

Next we want to compute the Hilbert space adjoint d* of d. Recall that will 

be the closure of the smooth g-forms Ao(^+^^) with compact support in M^"*"^ with 
respect to the norm 

\a\<s 
\I\=<1 



Let u G A*^; 4> £ Hf=o'Pidx'^ have compact support in M^'*'^ (that is, the support is 
compact but not necessarily disjoint from the boundary). Then 



N 

{du,(t))s = ^{DjU,(f)j)i 

j=0 
N / N 



= E E 1 D^DkuDk4>idV+ f^^D,{Dku)Dj,4>,dv\ . 

k=o \j=i ^+ ^+ J 

The first sum inside the parentheses in the last line equals 

^ r 

-T. L^,D,uD,Dk(l>jdV 
j=i ■^^+ 

since u and (f)j have compact support and the derivation is in the tangential directions 
(i.e. the directions Xi, . . . ,xn)- The second term in parentheses equals (with x' — 

{Xi, . . .,Xn)) 

f ( 10=00 \ 

/ DkuDk(l)o „ - / -Ofc-u-Do-Dfe^o dxo dx 
V ^0=0 Jo ) 

= - / DkuDk(j)Q dx' - / DkuDoDk(j)odV{x). 

Jl&N ^^^^ 
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Therefore, combining the last several lines, we find that 
{du,(f))i 



^ I ^ r [ 

{u,d'4))i- u4>o dx'-J^ DkuDkCpo 



dx' 



xo=0 



dx' . 



x'o=0 



1:0=0 k=l ' 

Now we can determine the domain of d* (we must do this before we can calculate the 
operator d* itself). Recall that, by the definition of Hilbert space adjoint, </> G dome?* 
if and only if there is a number such that for all u E /\^ we have 



{du, 0)1 < c^IImIIi. 



Proposition 3.1. The l-form lies in (dome?*) fl A 



imiv+i> 



if and only if 



090 



= 0. 



xo=0 



Proof. We begin by setting 



V = domd* n/\J( 



and 



d 



We first show that £^ C P. Let (p E S. We have already computed that 

N 

{du,(f))i = {u,d'(f))i - M0O 



{u, d'(j))i + u 



dx'. 



xo=0 k=l 

(A'0o - 00 



dx' 



xo=0 



Clearly the mapping 



is bounded on W^(M.^^^), and so 



a:o=0 

u I — > {u, d'(j))i 



xo=0 



\{du,(j))i\ < C^{\\u\\^^i(^^N+i^ + ||M|a;(,=o||L2(KiV)). 

(Note that the bound here depends on 0, but that is acceptable.) Now, recall the 
standard trace theorems for Sobolev spaces (see either ||LIM|| or ||KR1|| ). Then 



U\xo=0 



< \\u\ 



L2 



iV+l> 



for t > 1/2, and in particular for t = 1. This establishes the containment S (^V. 
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Next we establish that I) G S. Seeking a contradiction, wc suppose that (j) ^ T> = 
domd*nAl(R^+^) and that L'o0o(O, x') is not identically zero. We may suppose that 
(po is real and that 

L'o0o(O,x') > 1 when < 2 

(just multiply by a suitable constant and scale). 
Now set 

Ue{xo, x') = {xo + ef/'^xi^o, x'), 

where x is a cutoff function with support in {\xo\ < 2} x {\x'\ < 2} and such that 
X = 1 in the set {|a;o| < 1} x {\x'\ < 1}. 

We claim that there is a constant C > 0, independent of e, such that 

(i) II'"6|U.(mJ^+1) <C Ve, < e < eo , 

and 



[ii) / DQUeDo(j)o 



dx ~ —rjT as e — > 0. 

a;o=0 



Once these two facts are established, it is clear that it is not possible to find a 
constant such that the mapping u i — > {du,(f))i is bounded on iy^(R:!]^+^), and thus 
cannot be in domd*. 

Fact (ii) follows since 

Dou^ixo, x') = (^"'^'X(0, ^0 + e'/'DoxiO, x') 

xo=0 

In order to prove (i) we need only check the size of 



/ iDouJ'^dV. 



But 



3 1 

Dou,{xo,x') = - j^^-—^x{xo,x') + ^e{xo,x'), 



where $£ lies in C^(M^"'"^) and is uniformly bounded in e. Thus 

/ \DoUe\^dV < C f' ^—^dxo + C 

' ' - Jo {xo + e)V2 

< c, 

independent of e as e — > 0. This establishes (i). □ 
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The operators /C and d*. Our next task is to determine the exphcit expression 
for the operator d*. We will learn that, contrary to the classical case, the operator 
d* when restricted to dom (d*) fl does not coincide with d'. Once we have the 
expression for d* then we are in a position to formulate the boundary value problem 
in the case q — 1- The fundamental calculation is this: 



Proposition 3.2. If (p e dom d* n f\l{R^+^) , (p = J2f=o<Pjdx^, then 

d*(j) = -div + / ^ f g-Vi+^-^l^'P-cA ^^^(0, ae^^'^'-^' di' 
Jr^ OXq \ J 

Proof. We need to determine the operator d* that satisfies 

(rf/,0)i = (/,ci*0)i. 

The spirit of the calculation that follows is to rewrite the expressions that involve the 
inner product ( • , • )s in terms of expressions that involve only the inner product. 
Now 



^"'^''^ (/,-div0)i- / /(O,x')0^(Mrf^' 



+X„/(o.-')Ea5^o(o.x')dx'. 



Of course we have used the boundary condition that occurs in our characterization 
of dom d*. 

Next we write 

d*4> = — div0 + u, 

and we wish to determine the explicit expression for u = /C0, i.e. the formula for the 
operator IC mapping 1-forms into functions, such that d* = d' + IC. Then we have 



= (/,_ div 0)i + 1 



Here we have integrated by parts. 
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Comparing the two last calculations we see that the function u must satisfy the 
following equation: 



r r 

-/ fiO,x')MO,x')dx'+ f{Q^x')Y,-^U^,x')dx' 
Jrn Jrn ^ oxl 



^JudV- f JAudV- f f(0,x')^{0,x')dx'. 



This equality must hold for all / G C|^(M_,_ ). By choosing functions supported away 
from the boundary we obtain a differential equation on M:!]^'"'"^; inserting this in the 
equation above gives rise to a boundary condition. Thus the function u G Vr^(]R^^^) 
must be a solution of the following boundary value problem: 



- Au + u = on R^+i 

— (0, ■) = - A' 0o(O, ■) + 0o(O, ■) on {0} x ' 

Using the partial Fourier transform with respect to x', we find that the equation 
Au — u = becomes 

ru{xo, e') - (1 + |27ref )m(xo, O = 0, with u G L\R^+^). 



Oxq 

For fixed this is an ordinary differential equation in xq whose solution is 



Since u G ^^(R^+i), it must be that a{^') = 0. Thus 

u{xo, O = 6(e')e"v/^+^"° (3.1) 
and the solution to the above boundary value problem is 

mxo, x') = f 6(^')e-Vi+|2<T-0g2.^r.x' 

Now we determine in such a way that the boundary conditions are satisfied. We 
compute the derivative of u{xo,^), as given by with respect to Xq, and evaluate 

at Xq = 0. We find that 



that is, 



6(e') = -vi + i2<?Mo,n- 
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Therefore the Hilbert space adjoint of d (and this has been the main point of these 
calculations) is 

= — div0 + /C0 

= -div0- / J I + |27rePe-Vi+|2-eP-o0;^(o,ne'"'«'-"' dx' 
here the convolution is in with respect to the variable x', and 



is the convolution kernel. □ 

At this point, following the classical methodology of Hodge theory, we want to 
study the problem (|2.1|): 

' (dd* + d*d)u = f 
u, du e dom d* 
According to our calculations this problem becomes 

Jrn \OXq I OXq 

m(0,x') = onR^ (3.2) 



dxQ 



At the conclusion of these calculations we want to remark that the boundary value 
problems that appear in the case of higher degree forms is treated in Section 



Recall, from Definition 2.4, that 



Gu{xo,x') = lc(-^j{xo,x') 



^ ,-v/I^H^-o^|!i(0,x')e2-^«'-^'dx. (3.3) 



ydxo J dxo 

Now we define K. by setting /C = /C o 7, where 7 = 70 denotes the standard trace 
operator of restriction to the boundary. 

Notice that the kernel K^q{C) is -^1 + |2<'|2e"Vi+|2'r?'l'a;o, and thus is quite 
similar to the normal derivative of the Fourier transform of the Poisson kernel. But 
actually the operator JC is more regular than the Poisson integral itself. The higher 
degree of regularity of JC is seen immediately by noticing that the symbol of the 

convolution kernel K^^, that is — -y/l + \2'7iC,'\'^e~^^^^'^'^^'^^^° , is smooth in C,' for all 

We record here a few simple properties of the operators /C and G. We denote by 
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(S(M ) the space of Schwartz functions on M , and by iS(M_)_ ) the space of restriction 
to of Schwartz functions on M-^+^. We have the following proposition. 

Proposition 3.3. We have that 



continuously. Moreover 
continuously for r > 0. In addition, 



G : W+^R^^^) — > W 



and 



continuously. 



Proof. Recall that G = /C o 7 o [d/dxo), so it suffices to prove the corresponding 
statements for /C. 

Let V e W+^/^{R^). Then 

It suffices to consider the case r an integer, and use interpolation to obtain the general 
case. For r e N we have 



< c 



JV+1 



t/M_|_ 



<^ II 11-^ 

To show that K. is continuous between the (two different) Schwartz spaces, we notice 
that 



dxQ d^' 



/a 



}Cv{xo,^') 



< 



< c< sup 

I a;o>0 



sup(l + |27re'|)'^+l"'l|*(Ol, 
l^'l 



which is finite for v E S(R ). 



□ 
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We conclude this section with some remarks. 
REMARK 3.4. We have that 

—00 = cr((i', dxo) 0, 

where CT{d', dxo) is the symbol of d' in the normal direction. With this notation, 
(du, 0)i = {u, d'(f))i + J^^^^^{u, a{d' , dxo)(f))idx', 

where is the boundary of the half space. 

Indeed, using the standard definition (see, for instance, ||KR1|| ) of symbol, we select 
a testing function p such that p(0, x') = and dp = dxo (for instance, p{x) = xo 
locally will do). Then 



a{d', dxo 



d'{p4>) 



x={0,x') 



N 



3=0 



xo=0 



^0- 



Thus we may write, for = Y,\i\=q4'i dx^ ^ 

{du,(j))i = (u,d'(j))i + / (u^aid', dxo)(f))idx'. 



In the next Proposition we describe the domain of d* in the topology of 
in case s G N. Essentially the same computations as in the case s = 1 prove the 
following result. 



t>N+U 



Proposition 3.5. Denote by d* the Hilbert space adjoint of d in the topology of 
iy^(R^+i) for s = 1,2,.... Let^E AS(M++^). Then lies in (domrf*) n 
if and only if 

QS 



D 



o'Po 



xo=0 ^ 



0. 



2:0=0 



Proof. We only indicate the changes in the proof for the case s = 1. We have that 

-E E 



{du, (f))s = {u, d\ 
Clearly the mapping 



,N+1 



DW'^'uDiD'^'cPo dx'. 



u I — > (m, d'(! 
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is bounded on W'^{M^^^). Then, using the trace theorem, we want to show that for 
any j,0<j<s — 1, and \a'\ < s — j, the mapping 



u 



bR 



N+l 



DW u DW^'(hn dx' 



is bounded in the iy^(M:^^"'"^) norm. This estabhshes the containment S (^T>. 

In order to estabhsh that V C £, suppose that (f) eV = domd* n Ao(K+"^^) and 
that 

D^0o(O,x') = ^0o(O,x') 
is not identically zero. Setting 

and arguing as before, it is easy to see that 



and 

in) t E 

j=0 |a'|<s-j 



\U 



piV+l 



< C 



We, < e < eo 



dx' 



xo=0 



a/4 



as e 



These two facts show that 6 cannot be in domd* 



□ 



Finally, we also would like to observe that the boundary value problems (|2.1|) and 
(|2.2| ) are in fact pseudodifferential boundary value problems. This kind of boundary 
value problems has been studied by several authors (see PDM3|| , ||ESK|] , ||GRl]|| , and 
RESCf ), as we indicate in the next section. 



4. BOUTET DE MONVEL-TYPE ANALYSIS OF THE BOUNDARY VALUE PROBLEM 

The boundary value problems (|2.1|) and ( p.2|) can be seen as an instance of a very 
general theory developed by Boutet de Monvel and several other authors. In this 
section we give a short summary of this theory and of its applications to our problem. 
Such a general approach mainly produces results of local character in which the data 
are often assumed to be more regular then we can afford. This is why we actually 
choose a different, and more direct, approach to solving our boundary value problems. 

For maximum generality, let fl be either a smoothly bounded domain in R^"*"^ or 
a half space in M^+^. Define A to be the system 

A-(P^ + G ^^\.( C'o^(^) ^ (41) 

[t s J ■ [ c^ibny' J \ c^ihny ) ■ ^ ' 

The components of this formula follows: 
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1) The numbers M, M' are non- negative integers, C^ipVL)^^ is the Cartesian prod- 
uct of M copies of C^ibVt), and is the Cartesian product of M' copies of 

2) The operator is a pseudodifferential operator taking functions defined on VL 
into functions defined on Vt. [For more on pseudodifferential operators, see [[KRlf .] 
We will require to have the "transmission property" (to be defined below); 

3) The operator G is a "singular Green operator." It is defined on functions on fi, 
taking values in the set of functions defined on VL\ 

4) The operator i^' is a "Poisson operator". It takes (M-tuples of) functions on 
the boundary to functions on the domain; 

5) The operator T is a "trace operator" . Let 7^ be the classical trace operator of 
order 

U ^— 



u xo=0 

c^m — > c^{bn). 

By definition, a trace operator T is the composition of a pseudodifferential operator 
S' on the boundary and some restriction operator 7^: T = S' o 7^. 

6) The operator S (to repeat) is a pseudodifferential operator on the boundary. 

Notice that our problem 

- A +G)u = / on M^+^ 
^(0,x')=0 on{0}xM^' 

is a special case of the above setup, with M = 0, M' = 1. We would take K = 0, 
5* = and consider 

We shall construct a parametrix TZ for this operator which will have the form 

K = (Q A-) : ( ^fl^^ ) ^ C-m. 

Note here that M = 1 and M' = 0. 

The classical boundary value problems (such as the Dirichlet or Neumann prob- 
lems) have the form 

A-( ^)-c-(m-^( ^^^^^ ) 

where D is a differential operator and M' is the number of boundary conditions. 
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Definition 4.1. A pseudodifferential operator P of order d, defined on M^"*"^, is said 
to have the transmission property on fl if the mapping 

RPEu = Pan 

maps W^{Q) continuously to W^~'^{il) for all s > —1/2. Here E is the operator 
given by extending a function on Q to all of by setting it equal to zero on the 
complement. Also R is the operator of restriction to Q. 

For our purposes, it is enough to note that any partial differential operator with 
smooth coefficients has the transmission property. This follows by inspection. 

Definition 4.2. A Poisson operator K of order d is an operator defined by the 
formula 

{Kv){xo, x') = f e'^'^'<'~k{xo, x', C'm') d^, 
where the symbol k satisfies the estimates for |^'| > 1 given by 

Here c(a;') is a continuous function on that depends on a, (5. 

One can show that a Poisson operator K of order d is continuous as a mapping from 
^comp(^^) to iy^^J'^+^/2^R^+i). By lV<fomp(^) ^hose elements of W'{^^) 

with compact support in Q. 

It is a standard fact that the Poisson integral for the upper half space is a Poisson 
operator, according to the above definition, of order 0; that is it maps W^^ (^^\ 



(where = M^+i) to Kc'^'(^+^')- 



compV 



Definition 4.3. A trace operator of order d e R and of class r e N is an operator 
of the form 



Vo<£<r-l / 



where 7^ is the standard trace operator of order I and each Si is a pseudodifferential 
operator on R^ of order d — i. 

The notion of "class" is a natural artifact of deahng with restriction operators in 
the context of Sobolev spaces. Recall that the classical restriction theorems sending 

elements of Vr^(R^+^) to elements of W'^l'^i^^) are only valid when s > 1/2. The 
idea of class addresses the necessary lower bound for s in theorems such as this. 

Definition 4.4. A singular Green operator of order d e R and class r e N is an 
operator of the form 

G= Yl Kni. 

Q<t<r-1 
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where each is a Poisson operator of order d — I and each 7^ is a standard trace 
operator of order £. 

It can be shown that a singular Green operator of order d and class r is a continuous 
operator 

as long as s > r — 1/2. 

Definition 4.5. Let ^ be a system as in ( [4.1|) . We define the associated boundary 
system by 

[tix',Do,e) s{x',e) )- 

Notice that, in this definition, we fix x', ^' G M^, and the symbol pn of is taken 
at the point (0,x') G foM;!^"'"^. Finally, all the operators in the display act only in the 
Dq slot. 

Further observe that 



pn(0, x', Do, O + g{x'. Do, ^0 : S(R+) 

and that 

k{x',Do,e)--C ^ S(M^) 

a I — > ak{x',Xo,C,'). 
Furthermore, the boundary symbol operator of a trace operator is an operator 

t{x' , Do, ^')u = J2 seW^OliU 
o<e<r-i 

that maps 5(]R4.) into C. 

A system of the type ( [4.1|) is called elliptic if there exists a second system TZ of 
type ( [4.1|) such that 

+ / and ATZ + I 

are negligible operators; here "negligible" means that all terms in the system send 
distributions with compact support into C°° functions. In the case of the half space 
this definition must be considered as "local", that is fixing a compact set in M:!^^^. 
Now we have 

THEOREM 4.6 ([BDM3, Theorem 5.1]). A system a of type (fJ]) is elliptic if and 
only if both its boundary and its interior symbols are invertible. 

In the case of (|2.1]), 

' - A+G\ 



A 



T 
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where T = (J - /\')-^/^-i2- Then we return to our analysis of the problem 

- /\u + Gu = f on M^+i 
Tm = on {0} X 



(4.2) 



Here, for convenience, we have replaced our usual boundary operator [d'^/dx'^) with 
the (equivalent) operator T. 

Our aim is to show that this is a pseudodifferential boundary value problem of 
type ( [4.1D and to apply Theorem to our system. 

First observe that —A, being a partial differential operator of order 2 with smooth 
coefficients, certainly possesses the transmission property. 

Next, let us analyze G. Recall that G = /C71, where /C has symbol 



In order to see that G is a singular Green operator, we need to estimate 



f 4D^' [(-v/l + 47r2|e'l2 



Xo 



dxo 



The calculations made in Proposition 2]3| showed that /C has order 1. In fact /C is 
essentially a single derivative of the Poisson operator (which has order zero) so the 
assertion is plausible. It follows that 



and 



order {G) = order (/C) + order (71 



class (G) = order (71) + 1 = 2. 



Next we observe that T is a trace operator of order 1 and class 3. Indeed, T 
(/ - A")-^/272 so that 



def 



and 



order (T) = order (/ — A') + order (72 



class (T) = order (72) + 1 = 3. 



-1 



The interior symbol of this system is just the symbol of —A which is plainly 
invertible. The boundary symbol is 
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The demand that this system be invertible means that the pseudodifferential system 
^"(a^o) - ( Ae-Vi+4-^l«'P-o^ ^'(0) - \2nnh(xo) = tp on M 

^(l + |27ref)-'/V(0) =« 

has one and only one solution v G 5(M+) for all ip G 5(R_|_) and a G C and for 
l^'l > c> fixed. 

Straightforward and unenlightening calculations now prove the following result. 

Proposition 4.7. For |^'| > c > Rxed, the preceding system of equations has a 
unique solution for every choice of {ip, a) G 5(]R+) x C. 

As a consequence we have: 

THEOREM 4.8. Consider the boundary value problem given by l\4.^ ): 

U-A+G)u = f onR^+^ 
[Tm = g on {0} x ' 

Let s > 5/2, and suppose that supp f , suppg C 5(0, i?), for some R > 0. More- 
over, let 1] G C^(]R:!^'''^). Then there exists a finite dimensional subspace C of 
^comp(^+^^) X ^comlH^^) ^uch that if {f,g) G then the problem has 
a unique solution u satisfying 

ll'7^IU=+2(R^+i) < C'(ll/IU=(R^+i) + ll5'llvy»-i/2(]RiV)). 

The constant C in the above estimate depends on R, s, the test function rj, and on 
the spatial dimension N. 

Our aim is to refine this theorem in order to allow s > 1/2 (instead of s > 5/2) 
and to be more precise about the local-global aspects of the problem. Moreover, 
we do so by determining the solution explicitly, and by describing the compatibility 
conditions. 



5. The Explicit Solution in the Case of Functions 

Our goal in the present section is to prove theorems about existence and regularity 
of the solution of the boundary value problem. We shall determine the solution of 
our boundary value problem explicitly. This will allow us to give precise estimates. 

Thus we concentrate on the problem 

/ on M^+i 

(5-1) 

on K 
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for u G Ty(M^"'"^), where r > 5/2. Notice that we need this hmitation on r in order 
to guarantee that d'^u/dx^lO, ■) makes sense and belongs to L^(M^) (at least). Here, 
for xq > and C,' G K^, we have 

^ OXq 

Recall that we write w{^') to denote the partial Fourier transform of w in M^, with 
respect to the x'-variables. 

For greater flexibility we will solve the boundary value problem 



Au + Gu = f 



. dxl 



(0, 



h 



on 



on 



(5.2) 



In what follows we shall denote by Q the classical Green's function for the Laplacian 
on M^^^; also V denotes the standard Poisson operator on M;!^"'"^. Recall (see ||GAR|| ) 
that, for iV > 2, 



1 



{N - 1)^^+1 [ ^^^^ _ ^ _ ^,|2^ 



{N~l)/2 



{N-l)/2 



where cuat+i denotes the surface measure of the A^-dimensional unit sphere in R^"*"^. 
UN = 1 then 



r( \ 1 1 {xq + yof + {xi - yiY 



Notice that 



1 1 



2|27re|yo \ 
Moreover, we shall adopt the following notation: 



mi(e') 



1 + |27re'|^ + |27r^'k/l + |27re|2 



1 + 2|27r^'|2 + |27r^'| Jl + |27r^'|2 



(5.3) 



(5.4) 



and 



MO 



2<| + J1 + |27re 



'12 



1 + 2|27rf |2 + |27r^'| Jl + |27rC 



r/|2 



1 



1 + \27Ti 



'12 



mi (CO 



(5.5) 



We now construct the solution to the boundary value problem explicitly. 
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Proposition 5.1. Ifu is a solution of the boundary value problem ( 15. 2| ) in W^(M.^~^^) 
with r > 5/2, then u is given by the following formula 



gf(xo,x') + g( [ e-v/^^^^"mi(0 



X 



|27r^'| 



+V 



1 + 2|27rf |2 + |27r^'| Jl + |27rC 



r/|2 



+ 00 



(5.6) 



Proof. Our first task is to reduce tlie order of tlie operator appearing in the boundary 
condition by using the equation on the domain. Thus the problem (|5.2|) is equivalent 
to 

- Au + Gu = f on M^+i 

-A'u{0,-) = f{Or) + h-Gu{0,-) on 

for u e W^{R^+^) with r > 5/2, where A' = Ef=id^/dxl The problem (§3) can 
be rewritten as 



' A u{xo,x') = F{xq,x') on 
m(0, x') = g{x') on 



5JV+1 



(again for u G ly^' 



, r > 5/2) where we have set 



F{xo,x') = f{xo,x') + / ^l+|2vre?e-Vi+|2'^5'P^o|i(o,e')e^-"''-«'rfe' 



and 



^(a;') = Ar(/^ + /(O, ■)) (xO + AT ( (^1 + |27re?|^(0, (0, a;') ) , 



9xo 



(5.7) 



(5.^ 



with A/" being the Newtonian potential in M^. By the classical theory we then obtain 
that the solution we seek can be written as 

u{xo, x') = / g{xo, y)F{y) dy + Pxo{x' , y')g{y') dy' 

= {gF){xQ,x')+Vg{xQ,x'). 

Here Px^ denote the Poisson kernel in M^. Now we need to isolate u on the left hand 
side (note that F, g are defined in terms of u). In order to do this we compute the 
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derivative with respect to xq of the above equation, take the partial Fourier transform, 
and evaluate at xq = 0. Using definitions (|5.7| ) and (|5.8|) we have 



du 



dxo 



xo=0 



xo=0 



\ dxo J \ dxo J 

iVFnyo,adyo-\2ne\m 
e-\^-^'\yoFiyo,adyo-\27rmO 



+00 



l^"/(2/o,nrf2/o 
du 



0x0 Jo 



■12^1 



He) , /(0,a , Vl + |2 7re?(gt2/gxo)(0,0 



hoo 



|27re? |27re? |27re? 



^'^'''f(y.ady. ,2^^,, ,2^^, 



+ 



1 + |27re| 



1 + \27T^'\ 



1 + |27r^'|2 + |27rC'| |27r^'| 



du 
dxo 



(0,0- 



Hence 



du 
dxo 



(0,0 



1 + |27re? 



1 + |27re| 



/|2 



1 + |27re|2 + |27re| |2^^'l 



H27r5'll/0 



_/(M0 

|2vre| |27re| ' 



that is. 



du 
dxo 



(0,r) = |27rr|m2(r) 



|2vre| |27re| 



(5.9) 



Now we have the expression for du/dxo at xq = 0. Notice that, for t > 0, 
du 



dxo 



(0, 



< C 
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SO that our calculations make sense so far. Substituting equation (|5.9| ) into (|5.?1 ) and 



He) hxo,ey 



(|5.8| ), and recalling that mi = y 1 + |2vr^'Pm2, we find that 
F{xo,x') = /(xo,x') 

and 



|27r^'| |27r^'| 



g{x')=Ar{h + f{0,-)] 



Finally, 

■u(xo,x') = QF{xo, x') + Vg{x') 

= gf(xo,x') + g( f e-v/^+^^°mi(e' 

|27r^' 



1 + 2|27r^'|2 + |27r^'U/l + |27r^ 



+ 00 



|2vrf I ^0 

This gives the explicit expression for the solution u. 



(5.10) 
□ 



The a priori Estimate. In this part we are going to prove the a priori estimate 
for the solution u; then we will turn to the question of existence. Now we need the 
following two lemmas. 

Lemma 5.2. There exists a constant c such that, for \a\ = 2, and t > 0, 

Proof. For a function w defined on ]R^+^, let Wodd denote the odd extension (in the 
xq variable) to R^+^, and N'n+i the Newtonian potential in M^"*"^. Let denote the 
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Fourier transform in M^^^. Observe that 
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SO that we have 



'd\gw] 



odd \ /^\ ^i^j T-f 



(0 



and the estimate for t = follows. When t = 1, 2, . . . notice that, for x G M^"*"^, 



' d\gw) \ 

. /odd 



[x) = —w — A'Qw{x). 



Then it suffices to consider the case when the derivative is of degree at most 1 in 
the Xo-direction. This takes care of the fact that Wodd is not differentiable in the 
Xo-direction. Now the estimate follows easily for t an integer. Interpolation gives the 
result for alH > 0. □ 

The proof of the next lemma is easy: 



Lemma 5.3. Let w be defined on 
constant C > such that 



\a\ 



2, and t > 0. Then there exists a 



THEOREM 5.4. Let f e W'iR^+^), with s > 1/2. If the boundary value problem 



( |5.^ ) admits the solution u given by Proposition \5. 1\ , then it satisfies the estimate 



< C 



+ \\h\\w'^/^(m) + lhllH^i(R^+i) 



(5.11) 



Proof. In order to obtain a priori estimates we use the following standard fact (see 
CM Theorem 9.7). If s > 0, then 



}a\=2 



u 



dx'^ 



piV+l- 
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Now recall the expression for the solution given by ( |5.10|) 



X 



-V 



+v 



l + 2|27ref + |27reiVl + |27re 



|27r^'| Jo 
= Gf + Gfi+Vgi + Vg2 

It follows that 



iv+i) + c 5] I 

\a\=2 



d\»\gf 



+ 



+ 



Lemma p.2| implies that, for \a\ = 2, 



+ 



and 



\\D"'Sf\\w^{R^+^) ^ c||/||^t(jjiv+i), 



ll^"^/i|liyt(R^+i) < 4fi\\wHR'^+^) ■ 



JO 



Notice that /i = /C(/ii), where 
Then, for s > 1/2, 

= 4/ji + irrr^/^im2(nr 



+ 00 



\27ra I e 





1/2 



< C 



i/2(KiV) + 11/(0, •)||vi/=-i/2(KiV) + ||/||vF»(IR^'+i) 



< cA\\f\\^,^^N+i^ + \\h\\ws-i 
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and Vg2- For s > 1/2, by Lemma ^.31 we have 



29 



Hence it suffices to consider the (M^+^) norm of any second derivative of Vgi 



,1 + 2|27r^'|2 + |27r^'| Jl + |27r^'|2 



2<?(i + \2na'r-H\Ha\' + i/(o,or 



< c 

< c[\\f{0,-)\\ws-l/2^^N) + 



1/2 



liy»-l/2(IRiV)} 
< c|||/||^»(jjJV+l)||/l||tys-l/2(]KJV)|, 

Moreover, recalhng the definition of ^i(^') (see ( |5.4] )), we have 



< c 



V 12^' 

/ |2vref(l + |2vref: 

r+oo 

1 + \27i^fy 



,iV+l 



1 



< C 

This proves the a priori estimate. 



|27r^'|2 
\f{yo,0\'dyodC 



1/2 



2 ^ 1/2 



□ 



The existence Theorem. Now we turn to the existence statement. If we prove that 
the function u defined by ( ^.10| ) belongs to Vr^(]R^+^) then, by the estimate ( ^.llj ). 



the equation ( 5.10 ) defines the unique solution of the boundary value problem. The 
solution belongs to iy(R^+^) with r > 5/2. 

THEOREM 5.5. If f e W r\ ^^(M^+i), with s > 1/2, then the boundary value 



problem ( 15. 1\ ) has a unique solution u, and this satisGes 



\'^\\w'+'2{R^+^) - ^ 



iV + ls, + 



UN > 4. If = 2, 3 and f satisfies 



f{x)dx = 0, f e LWx\dx,R^+^), 



then there exists a unique solution u that satisfies the estimate 



H^={R^y+i) + 
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If N = 1, we assume that f is such that 

J f{x) dx = 0, J Xif{x) dx = 0, i = 0,1 f E L^{\x\'^dx, '. 
Then there exists a unique solution u such that 



FIw''+2{R^+1) 



< c 



^iV+l^ + 



) -r 11^ llLi(|x|2dx,R™+^) 



JV+1-, + ||/l||l4/s-l/2 



}■ 



Proof. By Theorem |5.4| it suffices to show that 



when > 4, or the corresponding estimate when = 1,2,3, with / satisfying the 
stated conditions. Notice that 



N 



+ > 



i=0 



du 



dxi 



Recall that (|5.10|) gives the function u as 

u = gf + gfi+Vgi+Vg2. 
We calculate the partial Fourier transform of u using the fact that 



[Note here that and do not cancel, since the Green's potential Q occurs in between 
the two operations. Reference line (5.3).] We obtain 



XO 



X 



+ 



eH2.?'l-o(/^(^') + /(0,e': 



|27r^'| / e 

'0 



1 + 2|2<'|2 + |27r^'U/l + |27r^'|2 



|27re'| Jo 
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Moreover, 



' du ' 



1 + |2vre|2e-v^^+^"« - |2<'|e-|2-«'l^-o 
|2<|e-|2<'l-o(/,(^/)+/(0,^') 



X 



/■ + CO 

|2vrr| / e 
Jo 



1 + 2|27r^'|2 + |27r^'|Jl + |27r^'|2 



\2tt^'\xo 



+ 00 







Then IImI 



AT+ij will be estimated once we estimate ||^|li2(-Rjv+i), 



\27re\u 



iV+l^' 



and ||(9M/9xo)li2(iRiv+i). 

We begin by studying the terms that arise from Qf. We extend / to all of M^"*"^ 
as an odd function /odd of Xq as we did in the proof of Lemma |5]^. We obtain 



11^/11 



iV+l\ 



V2 



^^(AT/odd 



|2<'| 



L2(R^+i) 



and 



1 

72 



7^ — ^ /odd 



i2(]J]V+l) 



Case iV > 4. We have 



11^/11 L2(R^+i) — C ■ II J'(A/Ar+i/odd)||L2(IR^v+i) 



< C 



|-^/odd(OP 



l^/odd(OP 



2ni\<l |27re|4 
1/2 



l\2n^\>l |27re|4 

< c< ||/IU2(Miv+i)+ f / \27r^\-uA sup |^/odd(e)| 

1) + II/IIli(ir'^+^)} • 



< c 
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Moreover, 
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<- { 


dxi 


L2(]RJV+i) I, 



|-^/odd(OI 



Riv+1 |27r{p 



2 ^ 1/2 



12 ^ 1/2 



< C 



/|2,ra<l |27r^|2 ' " [J\2n^\>l |27r^|2 '^^^ 



|^/odd(OI 



2 ^ 1/2 



< C |||/||i2(]RiV+i) + ||/||l1(RJV+1)| . 

Now writing u(xo, = Gf(xo, + B(xo, ^'), i.e. setting 



(5.12) 



we must estimate the terms ||i?||^2(]gjv+i^, \27:^'\B j^2(^^N+iy II(^/^^o)-B||^2(]rJv+ 
We have 



1/2 



+c<; / r'^\B{xo,C')fdxodC' 

'|27r5|>l Jo 



1/2 



We begin by estimating the integral on the set where |27r^'| < 1. Notice that, if 
> 4, then 



\B{xo,a<c\e-\'<'\^°\h{a-ma\ 



1 



+ 



< 



l + 2|27re? + |27reVl + |27re? 



-mi(0 



f{yo,e)\dyo}. 



Prom this, the restriction theorem, and the fact that 

/ \f{yo,a\dyo< / l\fiyo,x')\dx'dyo 
Jo Jo Jr'^ 



N + l^ 



(5.13) 
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we obtain that 



1/2 



[J\2tt^'\<i Jo 

< C 



\B{xo,c)rdxode 



|L2(RJV) + 11/(0, C')IIl2(]RJV) 
< C{||/l||i2(KiV) + ||/||^.(]Riv+i) + ||/||ii(KJV+i)}. 

To study the integral for |27r^'| > 1 we first notice that 

= 0(|27rel-^) as\e\^oo. 

Using this fact. Schwarz's inequahty, and the restriction theorem, we see that the 
integral we want to estimate is less than or equal to a constant times 

1/2 



f 1 , r+oo 

J\2ne\>l '^^^ ' Jo 



-|2vr?'|2/o 



iMOr + i/(o,e 



/M2 



de 



< c 

< c 



{ll/IU-CR^^+l) + II^IU2(]RiV)}. 
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In the same way we obtain that 

|27rg'|<l Jo I 



< 



1/2 



\2rrC\'\B{yo,C)\'dyodC 



< c 



\ 1/2 



11/(0, OIIl^cm-) + WhW^.^^.) + ij^^^^,^^^ \27iC\-'dCj II/IUhm-) 



+ 



+ 



|27rC'|>l 



e-^'-^'^y-f{yo,adyc 



2 ^ 1/2 



2tt^'\>i |2vr^'| 



< c{\ 

by the Schwarz inequahty and the restriction theorem. 



]v+l^ we observe that 



In order to estimate ||9i?/9xo|| 

2 jJ|''"(|27re'|e-|2-«'l-o - ^/lT]2^e-V^+^^<^y dxo 



(|27re'| + Vl + |2<?)^' = 0(|27re 



as l^'l — s> oo. Using this fact and ( |5.13| ) we see that 



dB 




(/ / 


dxo 




[J\2n('\<l Jo 



+ 00 



1/2 



< C 



X 1/2 



+ 



dyo d^' 

\fio,a\'dq 

+ ([ dA 



27r5'|>l Jo 



+ 00 



1/2 



271^' I >1 



+ 

1/2 

+ 00 



HOl'd^j 



dyo di' 

X 1/2 



1/2, 



di' 



< c{„„ ^ „„„^^^^ 

This concludes the estimate in the case > 4. 



+ > 



iV+1) + 
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Case < 4. Now we must consider the lower dimensional cases. Again, we first 
estimate Qf: 



ll^/llL2(Ri^+ 



1 



|27r$|<l |27r^ 



1 



1/2 



< C 



7 |27rm^/odd(OI'rfe') 

^^|27re|<l / 



1/2 



L2(]RiV+l) 



If < 4 then we need some conditions on /. Assume that /^jv+i f{x)dx — 0. Then 
^/odd(O) = 0, and if = 2, 3 then 



1 



\l/2 



2<\<i |27re|4 



i^/odd(oro?ej 

1 i^/odd(o-^/odd(o)p^,y^' 



|2.€|<i |27re|2 |2<|2 

\ 1/2 



< 



< c 



(/ |27re|-'de) sup |grad(^/odd)(OI 
x\ ■ \f{x)\ dx. 



If = 1 we need even stronger conditions (because the logarithmic potential is 
poorly behaved at infinity), that is ^/odd(O) = 0, and grad(^/odd)(0) = 0, corre- 
sponding to 

/ f{x)dx = 0; / Xif{x)dx = Q, i = l,2; / \xff{x)dx<oo. 
Then, for A^ = 1, 

\\Gf\Wl<cl\\fh2m)+ /' \x\'fix)dx\. 



The estimate for B has to be modified only in the part relative to the set where 
|27re'| < 1: 

PIIl2«+1) < ([ ^^^^ r'^\B{yo,0\'dyodA^ +\\f\\^.^^.^.^ + \\h\\L^ 

< c|||/||^^,(]gJV+l) + ||/l||x,2(RiV) 

J|27r£'|<l -^0 



2n 1/2 
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With the above assumption we can estimate the last integral with 



'|27rC'|<l 



|27re 



'1-1 



3o „ g-|27r^'|j/o _ I 

|27rC'|?/o 



-°°/(l/o, 0-/(2/0,0) 



if = 2, 3. If = 1 the estimate follows in a similar fashion. 



□ 



6. Analysis of the Problem on the Half Space for g-FoRMS 

In this section wc consider the space of g-forms, g > 1, with coefficients in 
14^^ (M^^-*^). Throughout this section, we denote this space of forms by A'', that 
is, we do not write explicitly the index for the Sobolev space iy^(M:!]^"'"^), this being 
fixed once and for all. 

On the space we select the basis {dx^^^ where / = (ii,...^^) is a strictly 
increasing multi-index. For a g-form 0, 

= E ^^^^^ 



we have that 



d0 = ^ Dj(f)idx^ A dx^ 



where K has g + 1 entries, and 



Y.\Y.D,hef:\dx^, 



if if 7^ jl as sets 
±1 if K = jl as sets 



and the sign is chosen according to the sign of the permutation that puts jl in 
increasing order. 

Lemma 6.1. The formal adjoint d' of d, d' : A*"^^ — ^ A^ witi respect to the inner 
product in the Sobolev space, has the following expression: 



( 



|j|=<? 



^ efiDji^Kldx'. 



I |if|=q+l 
\ j=0,...,N 
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Proof. Let (f) G A^, ^ G A^"*"^, </> = J2i(f>idx^: '0 — ^K'^kdx^ , both with compact 
support in R^+^ Then we have 



\I\=q,\K\=q+l 
]=0,...,N 

r ^ 

E 



I,K,j 

- E 



fc=0 

k=0 

N 

fe=0 \K\=q+l 
j=0,...,N 



\K\=q+l 
j=0,...,N 



□ 



Lemma 6.2. Let d* be the adjoint of d in the W^{R^+^) norm. Then 



That is, if ip = J2\K\=q+i'4'Kdx^ , then ip G domii* amounts to a condition on the 
coefficients ipx with index K — {0, . . . , kj^) = J only, and it requires that 



'OJ\xo=0 



- 0. 
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Proof. Let e "0 e A^+^ Then 



K 



\K\=q+l \ \l\=i 
j=0,...,N 



= E 



K 



\ I,j I 



- E 



K 



a=t::^.,Ni,j V \ /o -'^'^ ^°=v 



+ E 



xo=0 



E 



a=0,...,N \ \ K,j / / \ K,j 



E 

K,I,j 



+4l 



Y e^i I D,ct>iDaiPK 

Following the usual pattern we see that the only terms that we cannot control with 
the norm of ■0 are 



xo=0 



\K\ = q + l, \I\=q. 



□ 



Since was arbitrary, it must be -Do'0ii"Lg=o — when K — 01. 

Next we want to determine the expression for the Hilbert space adjoint d* when 
acting on [domd* fl VF^+i]- We have the following result. 

Proposition 6.3. The adjoint of d in the W^-inner product is given by d* — d' + K, 
where, for tp = T,\K\=q+i i^xdx^ , 

\i\=g 



= Y(K.o*i^oi{0,-)]{x')dx'. 
\i\=<i \ J 

1^0 



Before proving the proposition we make a few remarks. 
REMARK 6.4. 

1. Notice that /C acts diagonally, in the sense that {ICip)j depends only on ipQj. 

2. Only the terms of the form ipQi, i.e. terms for which ipld/dxo ^ 0, contribute to 
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3. ICip has only purely "tangential" components, i.e. {]Cip)i = if G /. 

Proof of |6.3| . Notice that we could continue the calculation in the previous proof to 
obtain (for ip G domrf*) 



1^0 



0/ 



'0/ 



XQ=0 



(6.i: 



a;o=0 JiRJv 

Now, as in the computation in Proposition we write 

where = /C0, and /C is a singular Green's operator mapping (g + l)-forms into 
g-forms. Now 



Therefore, ( |6.1| ), ( |6.2| ) and Green's theorem give that 



(6.2) 



E 

1^1=9 
7^0 



'01 



^0=0 Jijiv 



'0/ 



a;o=0 



E 



/I 

AT 



J2{Da(Pi,D,ei)o + {(j)j,ej)o 



.a=0 



Therefore 6 must satisfy the following conditions 

-AOj + ei =0 



xo=0 



1x0=0 



if G / 



Thus 



}c,pj^ = ei = o ifOG/, 



since the solution of Am + u = with the boundary condition Dqu{0, x') = consists 
of just the zero function. On the other hand, if / ^ we have that = Oj is the 

solution of 



on 



- Au+u=0 
du 

(0,-) = - A'^oz + V'o/ onM^ 



N+l 



dxo 
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In the proof of Proposition |3]^ , we showed that 6 is given by 

ei = - 



^1 + |27re'|2e-Vi+'2"«'l'"«^(0, ^')e2-^«'-'' dx' 



We now return to the main object of our work. We would hke to solve the boundary 
value problem 

{dd* + d*d)(f) = a 
G dome?* 
d) e dom d* 



for a & f\'^ . Recall that d* = d' + IC. A simple calculation shows that 

{dd' + d'd)(f) = ^ - A (j)jdx^. 
\i\=q 

Thus we need to compute d}C(f) and }Cd(j). The next lemma addresses this task. 
Lemma 6.5. Let (f),d(f) G dome?*, with = J2i4'idx^ . Then we have 



(6.3) 



d}C(f) = 



\J\=Q 



e^jD.K,, * (00/(0 



|/|=g-l,/?0 
j=0,...,iV 



dx" 



and 



O0= J2 

\I\=q,I^O 



,j=0,...,JV 



dx^ . 



Proof. These are just straightforward computations. We have 



(i/C0 = dl Yl i^xo * (00/(0, Ojc^a;^ 

\\I\=q-l,I^O 

= E E D,K,,*[<f)oi{0,-))dx^ Adx' 

\I\=q-l,I^Oj=0,...,N 



E 

1^1=9 



Y ejjD.K,, * (00/(0, 



I|=9-l,I^0 
3=0,. ..,N 



dx"" 
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This proves the statement for dlCcf). On the other hand, 

/ 

K,d(j) = /C 



K\=q-^l\ \J\^q / / 

1=0,. ..,JV / 



E ^-0*1 E ^;j/^,0j(o,-)|c^^' 

\i\=q,m 



\J\=q 

\j=0,...,N 



E 

|/|=g,/^0 



|J|=9 
J=0,...,iV 



Next we want to compute {lCd + d}C)(j). [Note that, in this discussion, the letter K 
is both a kernel and an index; no confusion should result.] 



Proposition 6.6. Let G /\'^, with 
T,\K\=qPKdx^ . Then 



K 



d 
dxo 



e domd*. Set (O + rf/C)0 = P 



ifK 3 



K 



■0A'(O, 



ifK^O. 



Remark. Notice that JCd + dK, is a diagonal operator on the space of g-forms A"^ 



Proof of |6.6| . Suppose that K 3 0. Then {K,d(j))K = 0, since /C applied to any form 
has only tangential components. Moreover, for the same reason, {dlC(j))oK' can be 
obtained only by differentiating {IC(j))K' by Dq, and "wedging" by dx^. That is, 

{dJC(f))oK' = Do{IC(j))K'dx'^ Adx^' 
Now suppose that K ^ 0. We use Lemma |6.5| to obtain that 



dICcj) + JCdcj) 



E 

\K\=q 



Y: efjD.K,, * (00/(0, 



\I\=q-l,I^O 
j=0....,N 



dx 



K 



+ E 

\K\=q 



j=0,...,]V 



dx 



K 



Thus we need to describe the term on the right hand side of this equation when 
K ^ 0. Notice that in this case j cannot be in the first sum, since otherwise 
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Eqj = 0. Then, when K ^ the coefficient of dx^ in the right hand side above equals 
* (^o0oi^(O, ■)) + E ^ojD, (k^, * (0oj(O, 



\J\=q,J^Q 
j = l,...,N 



+ E f^-o * (00/(0, ■))) = K,o * {Do 



MO, 



j^l,...,N 

since J must be of the form 0/ with |/| = g — 1, / ^ 0, and therefore 



This concludes the proof. □ 



Corollary 6.7. Let {JCd + dlC)ip = Gip. Then (3 = Gip is a form such that its 
components solve the boundary value problems 

{-A+I)(3k =0 
^ = {- A +I)id^)oK 

and 



Proof. By Proposition |6.3| , if Gip = J2\K\=q Pxdx^ for K ^ 0, then 

dxn 



By construction 

(-A+I)(3k = onM^+\ 



and 

^^"^ [- A' +I){d^P)oK 



dxo 

= (- A' +/) + T.i^K^ on bR^^\ K' 3 0, 

where Ti is a ffist order tangential differential operator. 

On the other hand, if 9 0, then (/C#)i^ = 0. Thus, for K = OK', 

{G^)k = {dlC^)K 
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Then, on R^+^, 



A+/)(G^) 



K 



_d_ 

dXn 



;-A+/)(/c^) 



K' 



and if = 0K\ 



K\bn 



_d_ 

dxr 



K' 



bO, 



(- A' +/)^ 



K\bn ■ 



□ 



Before analyzing the boundary value problem we need one more result; that is, we 
wish to make explicit the boundary condition d(f) G dome?*. 

Lemma 6.8. Let </> G f\'^ , and let G domd*. Then dcf) G dome?* if and only if 



'K 



(0, 



for 0. 



Proof. By Lemma |6.2| we have that dcj) G dome?* if and only if, for all multi-indices 
K' ^ 0, \K'\ = q, there holds the equality 



d 

dxo 



If j ^ 0, then / 9 and 



d 



d 



^(0,-) 



0, 



dxo dxj dxj \ dxo 

since, for (p G dome?*, we have d/dxQ(f)i{0, ■) = when I 3 0. Thus we obtain 



dxQ 



r(0, 







for all / ^ 0, |/| = q. □ 



We finally are able to formulate the boundary value problem. 

THEOREM 6.9. Consider the boundary value problem 

\dd* + d*d)<p = a a G A'^l^) 
G dom e?* 
dS G dom e?* 



(6.4) 



Let a be a q-form with coefficients in n with r > 1/2. Then, 

if N > 4, there is a unique q-form cf) with coefficients in W^^"^ {EJ^'^^) solving the 
boundary value problem and satisfying the estimate 
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If N = 2,3 we need to further require that 

a{x)dx = 0, a e LWx\dx,R^+^), 

so that the solution 6 satisfies the estimate 



If N = 1 we need to require that 

J a{x) dx = , J Xia{x) dx = 0, i = 0,1 a E L^{\x\'^dx, M^); 

in this case similar estimates hold for the solution 0, with the addition of the term 
||«||Li(|xi2dx,R2) to the right hand side. 

By the discussion preceding the statement of the theorem we see that the boundary 
value problem (|6.4|) is equivalent to the two scalar problems 



OeK, (6.5) 



and 



d 

A 0x + -^[K^o * (j)K\xo=o) = OiK 



dXn 



dxo 
=0 

a:o=0 



Q2 



A(j)K+ {K^o 





OXq 



dxo 

K 

xo=0 



Xn=0 



X. (6.6) 



Thus the problem is reduced to solving two different boundary value problems. The 
boundary value problem ( |6.6| ) has been solved already in the case g = 0. The solution 
of the second boundary value problem is contained in the following theorems. As in 
the case of functions, for greater flexibility we solve the boundary value problem with 
non-zero boundary data. 



THEOREM 6.10. Consider the boundary value problem 

A 

dx, 



- A M + ^ * m(0, ■)) = / on M^^+i 

^(0, ■) = h on 

OXq 

If there exists a solution u, then it satisfies the a priori estimate 



(6.7) 



||M||iyr+2 < C- |||/|Ih/-(R^+1) + ll^llvy+i/2(i;iV) + |h || L2(]giv+i) 

for r > 1/2. 
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Proof. We break the proof into two steps. We first estimate the function u which is 
the solution of the boundary value problem with zero boundary data. Then we show 
how to reduce the general case to this special one. 

In this proof we let denote the Green's function for the Neumann problem for 
the Laplacian on the half space. Suppose now that u is the solution of the boundary 
value problem with h = 0. Then u can be written as 

Recall that, for > 2, 

{jf){xo,x') 1 r r 1 



fiyo,y') dyody', 



1 



ixo + yoy + \x'-yfY^-'y^j 
and 

Then 

{i(o, = jf{o, C) - \27iC\-' e-(i2<'i+vi+i2-c'nj/o (1 + \27i^f)u{o, e') 

Jo 

|27re|(|27re| + v/l + |27re?) 
Thus, recalling the definition ( |5.5| ) of 1712, we have that 

w(0,O = 1202(0^(0- 

Set F = f — {d/dxo)(^Kxa*u{0, Since u = JF, in order to estimate ||'u||vi^3/2(]kJv+ij 

we can proceed as in the proof of Theorem and, using the fact that d"^ /dx^ = 
A — A', we can reduce to estimating derivatives of u of order not exceeding 2 in the 
xq- variable. 

Let Qe denote the even extension (in the Xq variable) to all of M^+^ of the function 
g defined initially on ]R:^y+^. We have that 



and 



{jg) ixo,x') 



N'gc){xo,x') 



2(l + |27re' 


2^3/2 


1 + 


27re|2 
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Combining all of these facts we obtain 

L 

"l + |2<|2 



Thus 

N 

l'"llTy2+r(IRiV+l^ < C 



< 

where 



1 + |27r4|^ Jo 

Therefore, by obvious calculations and the Schwarz inequality, 

II l|2 < (ll ||2 ^||f||2 ^ f (1 + |2vre?)^+- 

r + CxD ^ . . /'4-00 1 



+ |27re?)2 + |2vreo 



This proves the theorem in the case that the boundary data h = 0. 

In the general case, let Q be the operator initially defined on C^(]R^) by 



-y/l+\2nC\^xo 

{Q9){xo,a = - I , ^^ m- 

V/I + |2vre? 

Notice that [d / dxo){Qg)\xQ=o = g, and that 

Q : W'{R^) — > W'+^^\R^+^). 

We seek an a priori estimate for a function u that solves of (|6.71 ). Let G' denote the 
operator u i — > {d/dxo)(^Kxg * m(0, ■)^. Set v = u — Qh. Then t> solves the boundary 
value problem 

' (- A +G')v = / + (- A +G') Qh on R^+i 
(0, ■) = on ■ 
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A+G')Qh 



|27rf|2e-Vi+|2-C'F 



1 + |27re 



'12 



-MO 



so that the operator (— A +G')Q has the same behavior as the operator /C studied 
in Proposition |3]^, so it maps VF*(M^) into W^*+^/^(M^+^) continuously. Therefore 

ll'"lliy>-+2(R^+i) ^ ll'^lliy+2(R^+i) + II Q^|Im/'-+2(R^+1) 



<c{ 



i^ + Wi- A +G')Qh\ 



N+1-. + \\V\ 



+ \\QHw-{M.i+^)] 

1 

since v = u — Qh. This concludes the proof. 



< c|||/||^y,(]giV + l) + ||/l||^yr + l/2 



+ \ u 



□ 



THEOREM 6.11. Let N > 4. Then for any f E L^{R^+^)nL'^{R^+^) , there exists 
a unique function u solving the boundary value problem ( 16. 5|) and such that 



If N = 2,3 we suppose in addition that f satisfies 

Jf{x)dx = 0, f e LWx\dx,R^+'^). 

Then there exists a unique solution f that satisfies the estimate 



L2(R^+i) 



< c 



lL2(Ki^+i) + Hi \\LH\x\dx,Rl+^) ^ ll"'lliyi/2( 

If N = 1 we suppose that f is such that 

Jf{x)dx = 0, J Xif{x)dx = 0, i = 0,1 f E LWx\'^dx,R^). 
Then there exists a unique solution u such that 



\u\ 



Li(|x|2da;,K^+^) + 



Tyi/2(MiV) 



Proof. Recall that we have found that if a solution u exists, then it must be given 
by the formula ( |6.8|) , i.e. 

where Fi is given by 

Fi(n = |27reW(0,O = 



+ 00 
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In order to show that u given by the above formula is indeed a solution, by the 
estimate in Theorem |6.10| it suffices to show that u G L^(M:!J^"'"^). 
Suppose that > 4. We have 



U\\ r2miV+l 



< 



2 JRAT+I 



[J[27rg'|<l J-oo J [J|27r^'|>l J-oo 



1/2 



+ 00 



+ 00 



< ciij I \27:i\-Uiodi') sup \f{yo,0\dyo 

f r+oo 

+ / iJ'fem'd^ode 

^|27r^'|>l J-oo 

r /'+00 /'+00 I /I 2 1 

+ / / \2n^\-U^o e-^'^'^^y-fiyo^adyo de\ 

J\2tt£,'\>1 J-oo Jo J 



< C 



]V+l^ 
+ ^ 



This proves our statement in the case > 4. 
Let now = 2, 3, and assume that 



N+l 



f{x) dx = 0. 



Notice that this implies that /q^°° fivo, 0) dyo = 0. Therefore, 

|^/e(O--^/e(0)P 



+ / , p|2vrer^ 

J|27r5|<l J-oo 



|27r^| 



+ / / 1271^1 



+00 |e-|27r5'ls/o _ II . \ ^ 

' ' '|/(yo,0)|rfyo d^od^' 



\27rC\ 



+ 



+ 00 



2<'|>1 "'-oo 



+ 00 



■l'^^'l^1/(z/o,r)Mz/o 



+ C'll/llL2(R^f+ 



HODGE THEORY IN THE SOBOLEV TOPOLOGY 49 



Here we have used the following facts: 



hoc 

e" 



lo fi sup |gradJ^/e(OI < Ja;| ■ 

l'"^''^1/(z/o,nirfz/o< r^yo I \f{yo,y')\dy'dyo< f \y\-\f{y)\dy; 



and 

2 



/ / '^e-\'-^'\yViyo,a\dyo] di' 

J\2-Ki'\>l\J0 j 
C 1 /■+00 „ 

< / „ i/(2/o,nrrf2/oc^e' 

J 27r£' >1 2,\lTXr \ Jo 



< 



|27r5'|>l 2|27r^'| Jo 
Jf{x)\'dx. 



Finally, in the case = 1 we can obtain the same kind of estimate if we require the 
data / to satisfy the additional stated compatibility conditions. 

This proves the result in the case of the boundary data h = 0. If h we proceed 
as in the proof of Theorem 6.10 . Consider v = u — Qh. Then v satisfies the above 
estimate, and therefore 



\u 



|lL2(KiV+l) < ||^^|lL2(]RiV+l) + \\Qh\\^2(^T^N+l-^ < C{\\V\\^2(^^N+1) + 1 1 1 1 L2 (RiV+l ) } • 



In order to estimate ||'y||j;^2(iRjv+i) we observe that we have to replace / with / + (A 
G')Qh in the computations above, so that, for > 4 (the case < 4 is similar). 



I^IIl2{r^+1) 



where 



2 JrN+1 

•^0 ■/l + |27r^'|2 



d^, 



and 



(|2ire| + >/l + |2!rCP)v'l + |27r?'l= 
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Therefore we obtain 

lkllL2(]R^+i) ^ C'(|I/IIl2(]R^+1) + II/IIl2(]R^+1) + ll^llL2(R^;f+i)- 

This concludes the proof. □ 
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THE PROBLEM ON A SMOOTHLY BOUNDED DOMAIN 



7. Formulation of the Problem on a Smoothly Bounded Domain 

Let n = {x e : p{x) < 0}. To avoid patholo gies, we assume that p is a C°° 

function on M.^'^^ with the property that Vp 7^ at all points of bQ. Then f2 is a 
domain with C°° boundary (see [ KR2 ] for a protracted discussion of these matters). 



We shall also assume that f2 is bounded. 

It will simplify our calculations if we assume in advance that (dp/dn) = |Vp| = 1 
on bfl. This is easily arranged. 

Recall that we defined 

W\n) = \fe L\n) : j2{Djf,D,f)o + {f,f)o < ooj. 

I j=0 J 



Here the derivative is intended in the sense of distributions 



{f,9)o= I fgdv, 



and Dj = d/dxj,j = 0,...,N. Moreover we have defined the 1-Sobolev space of 
g- forms Wg{Q), for g = 1, . . . , + 1, by setting 

W^{Q) = {0 = E <Pidx' : 0/ e W\Q)}. 
\i\=q 

For (pjip E W^{Q), their inner product in Wg{Q) is given by 

{'P,'^) = {^(pidx^ ,^ilJjdx'^)i 
I J 

= I](0/,V'/)l- 

Throughout the rest of this entire paper, we shall denote the s-Sobolev norm of a 
form ip by 
Let 



9+1 
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be defined by 

N 

d(y^^ (pi dx^^ = XI Dj(l)j dxj A dx^ 



I j=0 



= E ( E ^jiDjhjdx-^ 

|J|=<,+1\ |/N<? / 



^ E <t^'jd^'- 

\J\=q+l 

We let d* be the operator on A^^^ defined by 

{d(p,^)i = {(p,d*'4))i. 

Recall that 

domd* n A'^' = {^e A'^' : \{d(l>:^P)i\ < C4<P\U}. 
Our goal is to solve the boundary value problem 

' {dd* + d*d)(f) = a on fl 

<0edomd* (7.1) 
d(f) e dom d* 

for a e Wg{fl), q = 0, . . . , N, and prove existence and regularity theorems. 

We need to analyze both the equation on Q, and the boundary conditions. Our 
first goal is to describe domrf*. Since we have developed some familiarity with this 
type of calculation, we work directly with g- forms for all q (recall that, in the half 
space case, we restricted attention at first to functions). We have the following result. 

Proposition 7.1. Let Q be a smoothly bounded domain in M^"*"^. Then the Hilbert 
space adjoint d* of d, in the inner product, acting on q-forms, has domain satis- 
fying 

Here we use the notation Vx4> to denote the covariant differentiation of the form 
(f) in the direction given by the vector field X, and "[" is the standard contraction 
operation from exterior algebra. Recall that by definition, if Yi, . . . ,Yg are vector 
fields, then 



(Vx0) = X(0(yi, . . . , FJ) - ^ </,(!!, . . . , VxY,, . . . , F,); 

i=q 

also, in local coordinates {yo, . . . , y„), 

n n o 

^xv=j:{xiv,)+j:Tt^x,v,)—. 

k=o i,j=o ^yfe 
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Clearly covariant differentiation preserves the type of a form. 
Moreover, 

<t^\y = Y.ct>jV,eijdy'. 



iij 



Notice that, in the standard coordinates of M {V x4>)k = and 



if ^ and (^0[(9/9xo)j^ = if K 9 0. For these and related notions we refer the 
reader to |[FED|| . 

Observe that, if = (j^idxi is a 1-form, then the boundary condition V^j0[fi = 
can be written as 

Proof of |7.1j . Let = J2\i\=q(pidx^ , and ip = Y^\j\=q+i4'idx'^ ■ We shall use the 
following form of Green's theorem: 

/ D,fg = - f fD-g+ f fg^. 
Jq Jn Jbn oxj 

Recall that n = {D^p, . . . ,D]\fp) is the normal direction. 
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Let d0 = E\j\=g+i{E\i\=gEj=o,...,N£jiDj(l)i)dx-^ = E\j\=g+i(f>'jdx-^- Then 



\J\=q+l 

- E 

\J\=q+l 



N 



J2{Dk(l>'j:DMo+{(l>'j:i^j)o 
k=0 

j=0,...,N 



(9p ' 



j=0,...,N 



E 



EW/,^fc(- E 4^,-V'j))o + (07,(- E 4aV'j))o 



k=0 



\J\ = q+l 
j=0,...,N 



|J|=g+l 
j=0,...,N 



+ E 

\I\=q 



J=0,...,Af 



j=0,...,Ar 



+ E 



E f / D,<p,{ E ^iiDk^^j^)] + IM E 



dp 
dxi 



3=0... .,N 



3=0,. ...N 



Notice that d' in the last equality above is precisely the formal adjoint of d. Recall 
that d' = — div on 1-forms. It is clear that 



|(</',c?V)i| < 



IW 2, 



and that 



^ oil I 7|_„_i_i 



\J\=q+l 
3=0,-, N 



dp 
dxi 



< c 

< c 



L2 



(bQ)||'^||L2(6n) 



1 1, 



by the trace theorem. 

Next we consider the term 



N 

I^^QJbll \J\=q+l 
j=0,...,N 



dp 
dxj 
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For A; = 0, . . . , we decompose the differential operator Dk into normal and tangen- 
tial components, that is, in a suitable neighborhood of hVL we write 

dp d 



(7.3) 



dxk dn ' 

where is a tangential vector field, and d/dn is the unit vector field in the normal 
direction. Therefore, for each fixed /, |/| = q, integration by parts yields that 



N Q N n 

^^QJbil |J|=9+i ^-^J fc=0 |J|=9+i ^-^J 

3=0,. ..,N 



j=0,...,N 



|J|=q+l 
j=0,...,N 



dipj dp 
dn dxi 



I + E. 



Now observe that on bfl, by definition. 



E 



dipj dp 



'^^ dn dxj 

3=0,. ...N 



(7.4) 



Using the trace theorem it is easy to see that, for ip with C°°(f2) coefficients, 

I^l<^^^ll0l|i- 

Therefore, if Vaipln = 0; then ip G domrf*. 

Conversely, suppose that Vn'ip [n ^ 0. Then, repeating the construction that we 
used in the case of the half space, we can see that the mapping 



cannot be continuous on W^{Q). This concludes the proof. 



□ 



Notice that, from the previous computation, we obtain that for ip e domd* it holds 

that 



{d(p,ij)i = {(p,d'ip)i 

+ E 

1^1=9 



N o 

j^^QJbn |J|=<i+i ^^3 -"^^ 



(j)iiip[n)i 



|J|=q+l 
3=0,. ..,N 



(7.5) 



Next we shall determine an explicit expression for d*. We set (as in the case of the 
half space) 

d*0 = d> + }Cn(t>, (7.6) 

where fCci is to be determined. 
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Proposition 7.2. Let^ e domd*r\/\'^~^^{Q). Then the I -component (/CqV)/ of]Cnip 
is the solution of the boundary value problem 



- Av + v ^0 
9n h 



Vy,*((Vy,^)Ln)^+(V^L^) 

J I 



on Q 
on bfl 



Proof. By the relation 

(#, = (0, d'ip)i + {(f), }CqiP)i, 
and equation (7.5) we see that for ip e domd* n A^^^(i^), 



\i\=<i 



|J| = 9+1 
j=0,...,N 



-k=0 

Now, by Green's theorem, we see that 



\I\=<1 

1^1=9 



^ r f 



in ibn on Jn 



Therefore, for each fixed multi-index I, we must have 



<Pj\-A{)Cnij)i + {K:nip)i] + / 



r 

dn 



(7.7) 



^^Q-fbU |J|=9+i ^^j -"^^ 

j=0,...,N 



This implies that 

Now recalling that, since ip e domd*. 



on n. 



E 4 



\J\ = q+l 
j=0,...,N 



J dp djjj 
dxi dn 



on . 
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J^O,...,N 



dp 



By writing Dk = Yk + (dp/dxk) ■ {d/dn), we have that 

N 

k=o \J\=q+i ^-^j 

j=0,...,JV 

fc=0 
N 



fc=0 



From this the result follows. 



□ 



Thus Kq_ is the solution operator for the preceding elliptic boundary value problem. 
By standard facts of the theory of elliptic problems (see | |H0R1 |) we know that /CqV' 
is uniquely determined for each t/^ G A'^(^)- 

As in the case of the half space, the operator /C^ turns out to be of order 1. In 
order to prove the following corollary, we need to apply Theorem 4.2.4 in [ TR1 |. This 



result deals with Schauder estimates for elliptic boundary value problems formulated 
in norms of negative order. The reference |P?RI|| happens to use the language of 
Triebel-Lizorkin spaces F^^. Since we consider only the case p = q = 2 we shall 
denote the spaces simply by . We also recall that, for s > 0, = 

Corollary 7.3. Let s > 1/2. Then there exists C > such that for all ip G A^l^) 
we have 



<CU\l 



Proof. Notice that by this result the operator /Cj^, initially defined on the dense 
subspace A''(^) can be extended as a continuous operator from F'^~^ to W^{VL). 

We need only apply standard estimates for elliptic boundary value problems. In 
order to obtain the sharp regularity result we use the estimates for the negative 
Sobolev spaces on the boundary (see |P?RI|| , Theorem 4.2.4). Notice that the boundary 
differential operator acting on the data is of order 2, and tangential. Write T2 for 
that operator. Then we have 



l/Cr 



< 



C {jr2i!\\w^~^/^{bn) + ll'^llvF»-5/2(6Q) 



< c 

< c 



W=-i/2(6f2) 
s- □ 



We could, in principle, write down an approximate expression for /C^ by using lo- 
cal coordinates to reduce the problem to the half space situation, where we have 
calculated /Cj^ quite explicitly. We forego that option for now. 



58 



L. FONTANA, S. G. KRANTZ, AND M. M. PELOSO 



We can now reformulate our boundary value problem (|7.1|) , recalling that on forms 
dd' + d'd = A: 



where we set Gr 



(- A +Gn)^P 

V^#[n = 
dlCfi + ICfid. 



a 



on Q 
on bfl 
on bfl 



8. A Special Coordinate System 

In this section we introduce a system of local coordinates near the boundary that 
we will use in the rest of the paper. 



It is a standard fact (see ||KR2|| for instance) that since bQ is smooth and compact 
there exists a tubular neighborhood U of bQ such that for each x & U there is a 
unique 7r{x) G bQ which realizes the distance of x from bfl. The line joining n{x) and 
X is orthogonal to bQ. 

Definition 8.1. Let |(?7j,<I>j)| be a covering of bQ by local coordinates patches. 
The pair {Vj, "^j), Vj C U, and \1' : V^- — > M^"*"^ is a Fermi coordinate patch on U if 

7r(x) e Uj for all p G C f/, 

and 

^,{p) = (dist (7r(p)),p),$,(7r(p))). 



Throughout the rest of the paper, Xq = n will denote the vector field defined at each 
p E U that is given by 

n, = n.(,) = (^(p),...,|^(p)). 
We remark that the equality 



Hp 



^ dxo ' ' dxn 



in general does not hold for p E U \bQ. 

On the fixed coordinate patch {Uj,'^j) we also have an orthonormal frame of 
vector fields Xq = {d/dn),Xi, . . . , Xjy. Notice that Xi, . . . , Xjy form an orthonormal 
frame for the tangential vector fields. We also fix the dual basis of 1-forms, ujq = 
dxo, LOi, . . . , Co" AT. Given any g-form we write = J2\i\=q , where = Ui-^A- ■ -Auj, 
where / = (ii, . . . , ig) is a strictly increasing multi- index. 
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In the rest of the paper we shall always assume that the forms are written in terms 
of this given basis. Notice that, in these coordinates, 

dtp = ipii^^) 
I 

= ^ Xjipjujj Auj^ + {0 order terms in 

j 

= ^(^Xjipiejj^uj-^ + {0 order terms}. 



Analogously, 



Y.ijl^j'^i^jL)^^ + {0 order terms}. 
L ji 

Here denotes the formal adjoint of the vector field X^. 

Recall that (see [ HEL | for instance) we can define the (Christoffel symbol) coeffi- 
cients T^j as follows: [pEL|| : 



N 



(8.1) 



k=0 



We remark that Vftn = 0, since n is, by definition, a unit vector field whose integral 
curves are lines. Therefore the coefficients T^j satisfy the following relations 



r'^. = 



if = and i, or j 
if i = and j = 







(8.2) 



This is so because 

^oj = {'^XoXj,Xo) = Xo{Xj,Xo) — {Xj,V XqXq) = 0, 

^00 = (^XoXo,Xk) = 0, 



and 



= (Vx,Xo,Xo) = ^X,{Xo,Xo) = 0. 



Now we have a lemma about covariant differentiation in the normal direction. 
Lemma 8.2. If (f) E A'^i^) is given by 0/ = Y^i^Pi^^; then 



E 

1^1=9 



dxo 



1^1=-? 



where 



lij = 



for J 30 if 1^0 
forJ^O if I 30 
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Proof. Fix a Fermi coordinate chart, then for (j) G A'^(^) supported in a small open 
set we have 



Vxo(E</>V) ) {x^) = E (vxo(0V)) {x^ 

J dxo 



J,J' s=l,...,g 



Moreover, 



= -^^(Ero^^- 



Therefore 



Hence 



(vxo0)(xO= E 

|Jl=g 



dxo 



Er: 



E E ^jsJ'i ^of)^iT' 



\j'\=q-i e=o,...,N 

s— 1, . . . ,g 



Thus 



where 



Vxo0 = E (ir^ + E W.)-^ 



7/J 



E E ^jsJ'^o'e^u'- 



|j'|=q-l i=0,...,N 
s— 1, . . . ,g 



Recall that (see (|8.2| )) the symbols T^j are zero if either k = and either i = or 
j = 0, or i = j = 0. Suppose that / 9 and that J ^ 0. Then £ = so that Tfj = 0. 
If / ^ and J 3 0, then = so that Fq^ = 0. This proves the lemma. □ 



In the sequel we will also use the following observation on the Laplace operator act- 
ing on forms. In general, the Laplacian on forms is defined as dd' + d'd. Having chosen 
the aforementioned basis on the space of g-forms, we see that if = J2\i\=q'^i^^ then 



A^ = E 



N 



.k=0 



uj^ + {lower order terms in tp}. 
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The tangential Laplacian. Fix a Fermi coordinate patch (u, \1/ = (xq, . . . ,xn)^- 

(Notice that (xq, . . . ,xn) are not the standard coordinates of M^+^.) Given a function 
(or a form) u defined on U, we denote by u the function u o \|/~^ defined on "^{U). 
In these coordinates the standard Laplacian of M^"*"^ has the following form: 



\Au] 



d 



Vdet^ dxj 
^ 1 d 



d ^ 
u 



y ^ 



dxk 

d_ 

dxi 



u] + 



1 



d 



_d_ 

dXr 



eT2U + - — (log J det 



dx, 



y/detg dxo 

dxQ 
\ du 



9 d 
aetg- — u 



dx(] 



dx, 







13) 



where g is the metric matrix, and (g^^) is its inverse. The operator is the Laplacian 
on the submanifold obtained by fixing xq, so that 



N Q2 



(8.4) 



where 72 is a second order tangential differential operator with C°°(i7) coefficients, 
and e can be made arbitrarily small by shrinking IJ . 
Notice that we have obtained that, on f/. 



A = At + + (Xo log ydd~^)Xo. 



The operator on functions. Recall that, by Proposition ^y2|Gf7U is the unique 
solution of the elliptic boundary value problem 



At; - = 
dn 



k=0 



du 
dn 



on Q 
on bQ 



We are interested in making explicit the boundary operator in this case. Notice that 
= —Yk + (0 order terms), so that the boundary equation becomes 



N 



^Y^{Xou) + T,Xou + T2U, 

j=0 
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where the T/s are tangential differential operators of order j. Now notice that 

N N 
j=0 k=0 

where Li is a first order differential operator. This follows easily from the fact that, 
by construction, 

Yk = Dk- {Dk,n)Xo, 
(see ( [7.3|) ). In fact, for a function /, 

N 

A/ = E Dlf 

N 

k=0 

N 

= E {"^kf + YkiiDk, n)Xo)f + XoiiDk, n)Yk)f) + Xlf 

k=0 

N 

= T^i^kf + yki{Dk,n))Xof) + X'J 

k=0 

N 

= Y.Y^ + Xlf + aX,f, 

k=0 

since Y.k=o{Dk,'n)Yk = 0. Therefore the boundary equation in u equals 

N 

(- E ^fc ) (Xou) + T^XoU + T2U = (- A +Xl){Xou) + aXlu + T^X^u + T^u 

k=0 

= (- Ar +6X0) (Xqm) + aX^u + T^Xqu + T2U 
= - At Xqu + TiXqu + T2M, 

where we have used formula ( p.5|) and the fact that du G dome?*. In local coordinates 
the boundary equation then becomes 

(8.6) 

We conclude this section by introducing a convention that we shall use consistently 
throughout the rest of the paper. By Lj we denote a generic differential operator 
of order j with C°°{Vt) coefficients, while by Tj we denote a differential operator of 
order j with C°°{VL) (defined in a suitable neighborhood of that involves only 
tangential derivatives. 



- At {Xou)~ + er2{Xouf + T1X0U + T2U 
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9. The Existence Theorem 

In this section we study the question of existence for the boundary value problem 

{dd* + d*d)(f) = a on Q 

(f) e dom d* 
d(j) G dom d* 

for a G A''(^), Q = 0,...,N, from an abstract Hilbert space point of view. We 
remark that by Proposition |7.1| the boundary conditions are given by the equations 

Vrj0[n = on bQ 

and 

V^(i0[n = on bQ. 

Notice that, using the coordinates and the frame introduced in the above 

equations can be rewritten as 

Xo07 + Lo0 = O onbn if / 9 (9.1) 

and 

X^(j)j + Li0 = on bQ if / ^ 0, (9.2) 

where Lj are differential operators of order j in the components of (p. We remark 
that if is a function then the first boundary equation is empty, and the second one 
becomes 

= on bn, (9.3) 

since V^n = 0. 

Our development in what follows parallels classical studies such as that which can 
be found in |FOK| . Let 

V={(t)e : , G domrf*}. 

For E T> we define the bilinear form 

Q(0, ^) = {d(f), #)i + {d*(j), + {<P, 

Our first claim is that V is dense in W^. We argue as follows. Let be any 
g-form. We may assume that has coefficients smooth up to the boundary. Then it 
suffices to find a G A''(^) of small norm such that + -0 G P. We use Fermi local 
coordinates in a tubular neighborhood of so that ) with x' G bVL and 

Xq = dist {xq, bQ) parametrizing the normal direction. Set 



bn 



64 



L. FONTANA, S. G. KRANTZ, AND M. M. PELOSO 



and 



Finally, set 



bCl 



where x ^ 2e, 2e], x = 1 in a neighborhood of 0, and ||x||i < Ce^^/^. Then 

Wi^Wi < C^l"^ and + G P. That completes the argument. 

Now we let T) be the closure of V in the topology induced by Q. We wish to check 
that T) is still contained in W]^. It is easy to see that d is closed in W]^ \ of course d* is 

closed also (since adjoints are always closed). These facts imply that D is a subspace 
of Wl- 

At this point we apply the Friedrichs extension theorem, as in |[FOK|| , to show that 
there exists a canonical self adjoint operator 

T -.Wl^V 

which is bounded in the topology, is injective, and such that 

Q(T0,^) = (0,^)i. 

If we set F = T~^, then 

Q(0,^) = V0 G domF,V^ G P. 

Notice that F = {d*d + dd*) + / when restricted to V. 

Now we show that the Q-unit ball of V is compactly embedded in by proving 
that the Q norm is equivalent to the norm. Notice that Q{(j),(f)) < c\\(f)\\2 since d* 
is of order 1. The reverse inequality follows from the next theorem. 

THEOREM 9.1. There exists a constant Cq > such that, for all eV, 

Q{^,^ij)>Co-\mi 

Assume the theorem for now. Since the Q-unit ball of T) is compactly embedded 
in Wg{Q), it follows that T is a compact operator. Notice that if Ta G V, then Ta 
is the unique solution of the boundary value problem 

{dd* + d*d)(f) + (f) = a 
G dome/* 
(J) G dom d* 



for aeW^,q = 0,l,...,N + l. 



HODGE THEORY IN THE SOBOLEV TOPOLOGY 



65 



We now wish to establish conditions for the solvabihty of 



{dd* + d*d)(f) = a 
G dom d* 
d(j) G dom d* 



(9.4) 




This in turn holds if and only if 

g(0,7A) = Qo(0,V^) + (0,V^)i 

= {a + (j),i))i. 

By the Friedrichs theorem, we have reduced our situation to solving the equation 



with G domF; i.e., setting 9 = F(f), 

e-Te = a. 

We now apply the standard theory of compact operators to obtain that the above 
equation has a solution 6 for all a orthogonal to the finite dimensional subspace 
Tiq = ker {I — T). It is easy to check that ker (/ — T) is exactly the kernel of F — I. 
Thus, for a orthogonal (in the W^^-inner product) to ker (/ — T), we obtain that 
(p = T9 is the solution of the equation ( |9.5|) . Notice that, if G then the equation 
( |9.5| ) reduces to the boundary value problem ( |9.4| ). Moreover, Z = {F — I){T>) is a 
dense subspace of Ti-^ C W^, i.e. 



(F -I)(t) = a 



(9.5) 



Z = Tiq. 



Let (3 eT>. For (j) & V we have 



((F-J)0,/3)i = Qo(0,/?) 

= Q(0,/3)-(0,/3)i 
= (0, (T-/)/5)i. 



Thus, if /3 G Z^, then ((F - /)0,/5)i = for all G P. 
(T - /)/5 = 0, that is P e Hg. 

Thus we have proved the following theorem: 



Since V is dense in W^, 
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THEOREM 9.2 (Existence for all q). The boundary value problem 

{dd* + d*d)(l) = a 
e domd* 
(j) e dom d* 

has a finite dimensional kernel Ti^ and finite dimensional cokernel. [Note that the 
space Z is dense in Ti.-^.] The problem has a solution (p eV for a E Z C Ti^. 

The coercive estimate. We now prove the fundamental estimate from below for 
the bilinear form Q. 



Proof of |9.1J . We begin by noticing that 

= #)i + (dV, d*^)i + {ICn^, d*^)i + 

= {dip,dilj)i + {d'^,d'^)i + {ip,^)i + (c/V,/CnV^)i + (/CqV^,c?»i. 
Our plan is to prove that the following claims hold true. 
Claim 1. There exists a constant Ci > such that for a\\ ip eT) we have 



Claim 2. For any e > there exists > such that all ^ G P 

\{lC^^,d*ij),\<eU\\l + C^\d*ij\\l 

and 



|W,/Cf,^)i| <e|i^ii^ + a 



\ + m\) 



Assuming the claims for now, we shall finish the proof. We have that 



>{C,-2em\l-CMd*nl + 



i + \mi) 



Therefore the constant Co = (Ci — 2e)/(l + does the job. Thus it remains to 
prove the claims. We begin with Claim 2. 

Proof of Claim 2. Recall that, by formula ( |7.7| ), 



E / i^yMn))i{VYj)i+ / {ein)i<Pi 
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Therefore, by applying the Schwarz inequahty for Sobolev spaces on bfl, and recaUing 
that the Yk are tangential vector fields, we see that 

TV 

|(/CnV,rf»i| < EE / l(VnV'N7(Vy,(d»)/| + m\L^m)\\d*i^\\LHi>n) 

< cE \\^Yk{iPln)i\\wy^n)\\^Yk{d*'4^)i\\w-^/H^) + \\'ip\\L^bn)\\d*ip\\L^bn) 

kl 

< c{\\ip\\w-^/2^hn)\\d*ip\\w^/^m) 

<C||^||2|M*^||1 
<6||^||^ + C,||rf*^||?. 

On the other hand, for ip & V, we see that (using "l.o.t." to denote lower order 
terms) 



(dV,/CnV')i = E 
I 



N 

' + {l.o.t.} 



E / (Vy,(dV)),((Vy,V')L^), 

= - E [j'^Mii: ejiX,{Vy,^ln)j) + {l.o.t.} 
kj •"'^ j^O,I 

= - E / (n^j)n(E 4^,(^L^)/) + {i-o.t.}, 

where we have used the fact that the term containing X^ipj with J 3 can be 
absorbed in the error terms because of the equation (9.1). Now notice that, for 
ip & V, we have that 

XQ{i/j[n)i — ^Vfj('0[n)j + {0 order terms} 

— ((Vfr'0) L^) J + {0 order terms} 
= {0 order terms}. 

Thus 

Y: / (n^j)n(E 4^.(^L^)/) 

kJ -'"^ j^O,I 

= E / (n^j)(vn(rf(V'N)) +{i-o.t.}. 

Now we notice that, using equation (9.1), it follows that for ip eV, the coefficients 
of d{ijj |_n) are all coefficients of dip, modulo lower order terms in the components of ijj. 
Notice also that the lower order terms that we produced in the previous calculation 
are all 0(||V'||wi(6f^))- 
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Therefore 

kJ 

<^(EIIV'^II 

w3/2(5Q)||(i(V'[n)j||^yi/2(6f^) + ||V'||^i(6n)) 

J 

< C'(||z/'||^y3/2(;,f^)||#||^l/2(fef^) + 

<cm\2\m\i + \mi/2) 
<e\mi+cMdni + u\\i)- 

This proves Claim 2. 

Proof of Claim 1. Fix an open cover {Ut}^ of VL such that Uq C. and, for ^ = 
1, . . . , M, on each f/^ we can find an orthonormal frame uoq = dxQ, cui, . . . , for the 
space of 1-forms. Let Xq = d/dxo,Xi, . . . ,X]s[ be the dual frame of vector fields. 
With respect to this basis the Laplacian is not diagonal on the space of g-forms, but 
it is diagonal in the top order terms. 

On Ui we write ip = Let {rjj} be a partition of unity subordinate to the 

cover {Ui}. In this proof we denote by S any quantity which is C(||V'||2||'V'||i). Let A 
for the moment denote either operator d or d'. Then notice that 

jl 

= E E I vKDjA^Hd,a^)i + ^ 

jl e "^^ 

= EE fD,{A{rj,4^)) Dj{A{rje4^)) +£. 
ji e "'^ 

Then we see that it suffices to consider forms with support in one of the patches Ue- 
When integrating by parts, this reduction only produces error terms of the type S 
already considered. 

Notice that the form rjetp may not belong to V. Nonetheless rjeip satisfies boundary 
equations of type (9.1) and (9.2), and this is all we need. 

Thus, without loss of generality, let E V have support in a small open set on 
which we can write ip = J2i i/jjuj^ . We have 

dip = '^(^ejjXjipi^u}'^ + {0 order terms}, 
J ji 

and 

d'lp = J2{j2^iLK'^i)'^^ + {0 o^*^^^ terms}, 
L ei 

where X'^ is the formal adjoint of Xf. 
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Now notice that there exists a constant Co such that for 9 e W^, 9 — Y^i9iIjj^ , we 
have that 



?>^^oE(Ell^Allo + ll^/ll9, 



(9.6) 



where the constant Co depends only on the choice of a;o, . . . , a;Ar. 
Then, 



Y.{\\xAdmi + \\xAd'm\t) 



= E E E j{eijX,X,^j){el,,X,X,^i,) 

J piql' k=0 ^ 

+ E E E l{4LK^Mi4'LX'^xM+£ 

L plql'k=0-'^ 



E 

kir L pq 



E 



kir 



+ E /(E4^4y(^;^^V'/)(^^^feV'7') 

pq ''^ L 



pq ^ J 



+ E / (E 4L^qL) {X,Xk^i) 



pq ^ L 



(9.7) 



where the last equality holds since X'^ — —X^ + Lo, where Lq is an operator of order 
0. 

Consider the term 



/ ey^i,{X,Xktlji){X,Xktljr) + f 4^4l(XpX,V^,)(X,X,V^,0 



/ + //. (9.8) 



We need to distinguish two cases, according to whether p — q or p ^ q. Notice that 
if p = in (9.8), then 



I + II^2\\XpXkMl + S, 



(9.9) 



since e:^je^j, = e^p^^L = if / 

Suppose now that p ^ q. We show in this case that the term in (9.8) is of type S. 
Notice that if p 7^ g then 



^qi^i 4l4l ~ 0' 



(9.10) 
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because, if p < g, then e^j- = —SgL and e^j, = e^^. Then, ii p,q 7^ 0, integration by 
parts gives rise to no boundary term, and ( |9.10|) shows that 



i + n = s 



(9.11) 



when p 7^ q, p,q 7^ 0. 

If j9 7^ and g = we distinguish two cases according to whether = or /c 7^ 0. 

If g = and A; = 0, then we integrate by parts in 11. Recall that & V implies 
that for /' 9 ipf satisfies the boundary equation (9.1). Then we have 

// = - / 4£/,,(XoXpXo^,)X^+ / 4^£^l(XpXo^,)X^ + £ 
Jn Jbn 

= [ 4£^,,(XoXo^,)(XpXo^/0+ / {Xj,Xo^j)L^ + £. 



Now using equation ( |9.1CI| ) again, we see that 



1/ + III < 



<CJ iXotfJiXp^rl + S 

< C 1 1 Xo^/-/ 1 1 ly 1/2 (60)11^711^-1/2(60) +^ 



(9.12) 



that is / + // = £^ in this case. 

Finally, suppose that q = and 7^ 0. Notice that Eqj = e^j^ = 1, and Epj, 
since I' 3 0. Then 



-'pL 



I + 11 



- |^4^(XoXfcV^,)(XpXfc^,0 +/^4L(^P^A.^/)(^oXfc^70 +^ 

£j^(XpXoX,V^,)X^+ 1^ el^{X^X^^i){XA^v) + £ 
I 4^(XpXfcV^,)(XoXfc^r)+ / e'{X.,X^i)i)X^, 

+ ^ 4JXpXfc^,)(XoXfc^,0 + £ 

I Xk,PjXk{Xpi;rei^)+£. 
Jbn ^ 
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Hence, using the fact that A; 7^ we have that 

^/ + //|< / X,^jXJj2Xp^i,elj,) +S 
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pi 



bn 



Xk^piXkid^jj [n) 



< 



+ 8 



< C 



w^/'^{bn) 



<Cl|^||2||#l|l+^ 



< e 



£. 



(9.13) 



Therefore, collecting ( |9.9| ) - (9.13) and substituting them into (9.7), and recalling 
( |9.6| ), we obtain that 

^mwi + \\d'n\) > E(ii^^(^^)/iio + wMd'mi) 



kir pq 
>Y.2\\XpXuiPi\\l-{e 

kpl 

>{2~2em\l-CMd^\\l + \ml)- 
From this Claim 1 follows easily. This proves the theorem. 

10. The Regularity Theorem in the Case of Functions 



□ 



We now turn to the question of regularity. In this section we are going to prove 
the regularity result for the case g = 0. 

THEOREM 10.1. Let f e C°^{n) be orthogonal in the inner product to the 
space of constant functions. Then there is a unique function u G C°°{VL) that solves 
the boundary value problem 



d*du = f 
du G domd* 



on VL 



In other words, u solves the system 



A +Gn)u = f 



. dm? 







on f2 
on bQ 
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Moreover, the solution u satisfies the desired (coercive) estimates for each s > 1/2; 
i.e. there exists a c= > such that 



\u\ 



+ \ u 



:io.i] 



Proof. By the existence theorem, Theorem p.2| , we know that the solution to the 
above boundary value problem exists for all / orthogonal to the harmonic space Tio- 
In the forthcoming Theorem |12.2 we shall prove that Tio reduces to the constants. 
Now we turn to the question of estimates. 

Let M be a solution of the boundary value problem, with / G C°°{Q). Let s > 1/2. 
We wish to estimate ||m||s+2 in terms of ||/||s. It is clear that it suffices to estimate 
||r7M||s+2 for a given cut-off function r] with small support. 

We ffist suppose that suppr] fl 6i7 = 0. [The second step will be to assume that 
suppr] nbQ 0.] 



The interior estimate. Let r] G C^(i7). Recalling that / 
that 



Au + G^u we have 



|??m||s+2 < c|| A {r]u)\\s 

<c{\\Air]u)+vf\\s + \\vfl 

< c(|| A {7]u) -r]A u\\s + WvGnuWs + Wvfh) 

< c(||?7im||^+i + \\r]Gnu\\s H 



'10.21 



where r/i = 1 on suppr;. Next we want to show that ||77G'nM||s < c||m||s+i. Recall 



that by Proposition and equation ( |8.6| ) Gn is the solution of the boundary value 
problem 

- A V + V = on Q 



dv 



N 



du 



dn 



on hVL 



fc=0 

Now it is easy to see that (using the Fourier transform for instance) 

WrjG^uWs < c\\riiGQu\\,_i < c\\Gq,u\\s-i. 

o 

(Here, for t > 0, || • is the norm in the Sobolev space W^tiS^) = iW^ {Vt))* .) 
Moreover, by |[rRl|| Theorem 4.2.4 we have 

du 



<c( 



du 



dn 
< c||m||s+i 



+ \\u\ 



;io.3) 
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VU'\\s+2 < c{\\r)f\\s + ||m||s+i)- 



The boundary estimate. Fix a Fermi coordinate patch 



and let r] e C^{U). 

In what follows we denote by Ga both the operator defined on Q and (when 
restricted to U) the same operator expressed in the local chart and thus defined on 
^(f/). This technical ambiguity should cause no confusion. We will denote by Gf,N+i 
the operator arising from considering the adjoint of d* in the half space. Finally, 
given a function u G G°°{U) we denote by u the function 



Now consider 77,771 G C^{U) with 7/1 = 1 on the support of 7/. These functions are 
chosen to be constant along the normal direction to bQ near the boundary. In our 
local coordinates, rju satisfies the following boundary condition: 



iio*-i G C°°(*(C/)). 



(fju) = 



on {xq = 0}. 



Recall that if v satisfies the boundary value problem 






and if v has compact support, then 




s > 1/2. 



Then 



||?7ii||s+2 < A +G^N+i){r)u) ^ + \\r)u\\s+i}. 



(10.4) 
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Our goal is to replace — A + Gin-jv+i with — A +6^2 + Gn modulo error terms that 



are controlled by lower order norms of rju. Thus the estimate (|10.4|) gives that 
\\vu\\s+2 < C{\\{- A+eC2 + Gn)iw)\\s+\\w\' 



\s+l 



C2{riu)\\s+ G^N+i{r]u) r]Gnu\ [jj 



< G< 



f][i-A+eC2 + Gn)iu)\ 



+ 



G^N+i{r]u) - [rjGnu] 

C| — f] A u + G]^N+i(f]u) 
< C{lf]{-A+eC2 + Gn)iu: 



< 



+ 



GKN+i{r]u) - T]Gnu 



+ e\\r]u\\s+2 + WviuWs+i 

I 

+ ||r7iM||s+i} 
+ e\\r]u\\s+2 
+ \\Viu\\s+i} 



;io.5) 



G[\\'nf\\s + ^\\w\\s+2+ GRN+i{r]u) - i]Gnu ^ + \\i]iu\\s+i\ 



The function G^jv+i (rju) solves the boundary value problem 



d 



A+I){G^M^r{fru))=0 



on 



G^N+1 {rju) 



d d 

— {rju)- A'^N ^{fju) on bR^+^ 



On the other hand, by ( |8.(i| ), the function [riGnu]~, solves the boundary value problem 



on 



- A +/ + eC2){[vGnu]~) = -[2Vr/ ■ VGnu + At] ■ Gnu]~ 

^[tiGqu]-'^ = Ti — {ryu) - {A'^n+i - eC2)[-^{ffu)^ + T2{ryu) on h. 



i7V+l 



dxQ ^ ' dxo ^ dxo 

Let w = G^N+i {rju) — [rjG^uy. Then w solves the system 



' (A - I)w = eC2 {[vGnu]-) + [2Vr/ ■ VGnu + {Ar])Gnu]~ on 

dw ^ ^ du _ du _ ,TTT,A^4-i 

- — = rjeT2T\ \- vTiT{ \- VT2U on bK"^' 

K OXq OXq OXq 



(10.6) 



The right hand side of the first equation in the system ( |10.6| ) can be rewritten as 

er]'L2Gnu + r]"LiGnu 
where the order of Lj is j and supp rj', supp rj" lie in supp fj. 
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Now we apply Theorem 4.2.4 in |P?R]]] . We obtain that, for any s > 1/2, 
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\W\ 



< 



< 



+e 



L2{[T]Gnu] 



ps-2 



+ 



r]'Li[Gnu] 



ps-2 



+ 



^ du 
on 

■r]Gnu 
du 



Vl/''-3/2(6Q) 



+ 



rp du 

dn 



+ 



+ e 



W-3/2(fef7) 

du 



+ 



riT2U 



dn 



r]- 



Giiu=Au+f ( 

< C\e 



dn 
7] Au 



+ 



r]iu 



+ e 



rjf + rji Au 



+ 



Vif 



< CU 



rju 



s+2 



TjU 



Vlf 



3+2 



+ 



+ 



r]iu 



r]iu 



s+l 



Now estimates ( p.0.5| ) and ( |10.7|) yield that 

||ryii||,+2 < C{||?7i/||^ + e||77M||^+2 + Hr^iuH^+i}, 

that is, for s > 1/2, 

||^?m||s+2 < C{\\r]if\\s + WviuWs+i}- 

This concludes the proof. 



(10.7) 



□ 



11. Estimates for g-FoRMS 

The Regularity Theorem. In this section we prove the estimate for the solution 
of the boundary value problem in the case of g-forms. We follow the same outline as 
in the case of functions. For higher degree forms some extra technicalities are needed. 
The differential operators acting on forms that are involved are not (usually) diagonal, 
and we need some extra care for the off-diagonal terms. 

THEOREM 11.1. Let s > 1/2. Let a G W^{n), and a orthogonal to the kernel of 
the boundary value problem. Let ip & f\'^ be a solution of 

{dd* + d*d)'ip = a on 
ip G dome?* 
dil) e dome?* 
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There exists Cg > 0, independent of ip, such that 

||^||s+2<c,(||a||, + ||^||,+i). 

Thus we wish to estimate ||'?/'||s_|_2 in terms of for s > 1/2. It suffices to 

estimates rjip for a cut-off function rj with support contained in a small open set. If 



rj G C^(f2) then the argument used in the case of functions (see the proof of |10.1 
applies with no substantial change. 

Thus we assume that r/ is a cut-off function whose support is contained in an open 
set on which there exists a Fermi coordinate chart. As before, we also suppose that 
{d/dn)ri = in a tubular neighborhood of the boundary. 

As in the case of g-forms in the half space we write 

{dd* + d*d) = {dd' + d'd) + {dJCn + ICnd) 
= -A +Gn. 

We now proceed as in the function case. We need to estimate ||?7-?/'||s+2- We introduce 
Fermi local coordinates, and set the stage as in Section ^. Recall that such coor- 
dinates have the property that the normal direction is orthogonal to the remaining 
directions at all points in the coordinate patch (that is, such coordinates "flatten" 
the boundary.). Given a form (j) on Q (i.e. written in global coordinates), we write (p 
to indicate the form written in the Fermi coordinates. We adopt the same notation 
for the operators. 

We wish to apply the estimates proved in the half space for the g-forms. In order 
to do this we notice that (rjip) is a form defined on the half space, and we wish to 
check if it satisfies a boundary value problem for which we have favorable estimates. 
Since ip and dip belong to dome?*, they satisfy equations (9.1) and (9.2). We need to 
examine those equations more closely. In order to do this we rewrite equations (9.1) 
and (9.2) in our local coordinates. 

Proposition 11.2. Let ijj G A''(^) be such that both ip, dip G domd*. Let rj be a 
cut-off function as before. Then the form rjip satisfies the boundary equations 

^ + E 7/j(#)j = if I 3 0, (11.1) 



|J|=q 
J30 



and, 



r\2 r\ 

K30 i/^o ^ ■ ^ 

where S are {0 order terms} in the components of ip. 

We stress that we have improved equations (9.1) and (9.2) by separating the "nor- 
mal" and "tangential" components of the lower order terms in the boundary equa- 
tions. 
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Proof. By Lemma |8.2| , the condition ip G domd*, i.e. Vn'ipip. = on bfl, becomes 

E 7/j(#)j = on if/ 9 0. 

(^^0 |j|=, 

J30 

On the other hand, the second boundary condition gives that 
d 



{d^)K+ E lKL{d^)L = onR^ifir^O, 



L30 



i.e., on for fsT 9 0, 

(9 / dip 



9x 

j = l,...,JV 

+ E 1kl{-k-^£ol' + E ^iV^L-'^^jX") + {0 order terms} = 0. 

iso i=i,...,jv 

Now we use the first boundary condition to replace the terms of the form {d / dxo)il)K" , 
with K" 3 0, with order terms in ip. Hence, the term {d/xo)(^jipjduj'^^ ^ only 
contributes normal derivatives of tangential components and order terms. 
Therefore, for K' ^ 0, we have 

+ E^i(#)^"4^'' + (0 o^*i6r terms) + ^ aK'L'^{vi^)L' = 0. 

From this identity, equation (|11.2| ) follows. □ 
At this point we adapt the estimates in the half space for the boundary value problems 



A +G^N+i)(h = a on 



and 



— — = on K it i ^ 

dxo 

■ (- A +G^N+i)(f) = a on M^+i 

r ^ • (11-4) 

- on if J 9 



dxo 



to the form rjip. 

We wish to apply Theorems |5.4| and |6.1U| to the problems Jll.3| ) and ( |11.4D respec- 
tively. In both cases the boundary data is estimated by ||?7V'||s+i. Let rji G C^{Q), 
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rji = Ion supp 1]. We obtain that 

\\mP\\s+2 < c A +G^N+i){^]ij)\\, + ||#||.+i 



< c 



+ 



+ 



< c Wrja 



G^N+i{T]ip) - r]Gnip 



1] Alp + Alrjip) 
+ 

3 

+ 



S + l 



S + l 



;ii.5) 



Now we need to estimate 



rjiG^N+i^rjip) —Tji rjG^ip in the equation (11.5) above. 
We have the following theorem. 

THEOREM 11.3. Let s > 1/2. Then, for any e > 0, there exists a G, > such 
that 



< e 



,+2 + G,\\r]ix 



T]iG^N+i{r]ijj) -r]i\r]Gn^lj 
where r]i G G^ and rji = 1 on supprj. 

Assuming the Theorem for now, we finish the proof of the estimate for ||?7?/^||s+2, 
and therefore the proof of Theorem |11.1| . Using Theorem |11.3| and (11.5) above we 
see that 



||#||.+2 < c{\\va\\s + e\\r]iilj\\s+2\\vi'^\\ s+l I, 
from which we obtain that 

||#L+2 < c(||r/a||, + \\rii 
which is what we wished to prove. 



s+l 



□ 



Proof of Theorem 11.3. Now we turn to the proof of Theorem |11.3| . The proof 
will be broken up into several lemmas. 

The form G^n+i {rjil)) = 6 = J2i (^i^^ is such that its components Oj satisfy the 
following boundary value problems 



. Oxq 



A +1)61 = 



on 



A' +I)idirii^)oi) on 



oN 



if J ^ 



and 



- A +1)01 = on R^+i 

Or = {- A' onR^ if / 9 



11.6) 



(11.7) 



On the other hand we need to investigate what kind of boundary value problem the 
form [riGnip]~ satisfies. Recall that Gq = {JCnd + d)Cn), and that the operator K-n is 
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the operator on forms that gives the solution of the following boundary value problem 
for ^ G A''- Namely we have 

(- A +1)6 = on n 

N 

^nO = Vr.(Vy>[n) + <p[n on hVt 
for (f) G A'^\U). 

Lemma 11.4. Let G A'^(^)- The form [ri}CQ(j)]~ = 6 is such that its I-component 
satisGes the following boundary value problem on R^~^^ 



where 



dxo 



{E2 



A -eC2 + I)6j = (r/iLi/Cn0) ^ on R^+^ 

- E V1ik{}C^cI>)k + {E2(p)i oiiM^ 



|A'|=g-l 



-At0o/ + 00/ + if 1^0 

if I 30 



C2 is defined by equation (8.3). Moreover, Li is a first order differential operator, Ti 
is a first order differential operator, both sending {q + l)-forms into q-forms. 



Proof. It suffices to use Lemma and the computation leading to formula ( pig) . □ 
Lemma 11.5. Let G A''(^), and let I 3 0. Then for any s > 1/2, 

\\[v^Q<P]r\\s < c|| 



Proof. Recall (see Corollary \l.3\) that JCn is an operator of order 1. Therefore we 
direct the reader's attention to the fact that the content of this lemma is that, on the 
normal components of the form, the operator JCn is of order 0. (Recall that, in the 
case of the half space, the operator /C^ was identically zero on normal components.) 

It suffices to recall the estimates in the negative norms for elliptic boundary value 
problems, as in JTRl, Theorem 4.2.4. Using the spaces F22{^), which we will simply 



denote by F'^, we have 

||[^^Q0]r||s < c(^||(^r7iLi/Cn0)j|ir.-2 + E \\[v^n(j)]K~\\w--^/Hbn) 

Let e > 0. By selecting t] with support suitably small, we can achieve 

||[?7/Cn0]i^~|lvys-3/2(6fi) < e||[^^!^0]i^~llH^»-i/2(bn) . 
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J2 \\[r]lCn(f>]i \\s < c||(?7iLi;Cn0) ||i;'.-2 + e ^ || [r7/Cn</)]/r~ 

130 K 



< c\\[r]iLilCa(jyj \\Fs-2 + || [y^/Cf^^]/^ 

K 



Then, by absorbing the last term on the right hand side over on the left, using the 
continuity of differential operators on the spaces F*, and invoking Corollary [7.3| , we 
obtain that 

Z] \\[v^^4>]r\\s < c\\[r]}Cn(j)]~\\Fs^^^^ 

130 

< chillis- 



This concludes the proof of the lemma. 



□ 



Lemma 11.6. Let ip G A''(^)- Then, for I 3 0, [rjCQip]! ^ solution of the 
following boundary value problem 



on 



3 TV 



i-A-eC2 + I)w^ [vMGn^)\ 
w = fi{— At +I)ipi + C on 

where £2 Is defined by equation (8.3), ( is a function satisfying the estimate 

llClU--i/2(fen) < c\\t]i^Ij\\s+i, 
Li is a differential operator of order 1, and r]i G with r]i = 1 on supprj. 

Proof. The equation on M^"*"^ is easily seen to be satisfied. Concerning the bound- 
ary equation, recall that Gq_ = JC^d + dK-Q. Then, for / 3 0, / = 0/', the function 
is the restriction to 6R:!^"'"^ of the solution of the boundary value prob- 
em in Lemma |11.4] with cf) = dip. Moreover, for / = 0/', on we have 
^_ _d 

I 



■qlCndtp 
m in L 

-qdJCni! 



dxo 



(rjlCnip^ + Xi rjlCnip ^ e^fj + (0 order terms) 



1=1 N 

\J\=q-\ 



= - E ^7/'K(/CnV^)x + (- At +/)^o/' + E ^1 [^^H r + (0 ' 

K^O J30 

where Ti is a tangential differential operator of order 1. Therefore w satisfies the 
boundary equation 



w = 7]{- At +I)ipi - E Vli'K{}Cn'ilj)K + 
= r^(-A' + /)^, + C. 



J30 
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Now the desired estimate follows from Lemma |11.5| . Indeed, recalling that / 9 0, we 
see that 



<C ll/C: 



+ 



+ J2\\Ti[r]ICniJ 

J30 



J llH/''-i/2(fen)^ 

E II [^^nV^ 



J30 



s+1 



<c\^\]Cni^\U + \\ 

< C\\7]i^\\s+l. □ 

Before estimating the term [T]Gnip]j~ for / ^ we need an extra lemma. 
Lemma 11.7. Let wi = rjiJCo^dil)) k~ — f]{dlCQip)K~, with K ^ 0. Then wi solves 



on Q 



dwi 
dn 



T2iJ + LoiJCni^) 



on 



pN 



where the Lj 's are operators of order j, and T2 is a tangential differential operator of 
order 2. 

Moreover, there exists c > independent of ip such that 



Proof. Recall that {K,n<P)K satisfies the boundary value problem 

(- A+/)0 = O 

Therefore, 

(- A +I)(r][{lCndi,)K - {dlC^^)K]) 
= Li{ICnd^)K + v[^{dlCn^)K - {d)Cn^)K] + L[{dlCn^) 
= Li{lC^di))K + L[{d}CntJj) + L2(/Cn^/') + tpd[{A}Cn^)K - (/CnV')^ 
= Li{ICnd^)K + L[{dlCn^)K + L'^{ICn^) 
= Li{ICndijj)K + L2ilCnijj). 

Next we analyze the boundary equation. We have 



d_ 

dn 



N 



r]{lCndi))K - r]{dK,^il)) 



K 



k=0 



d 
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Now we want to commute the normal derivative and the operator d in the far right- 
most term in the equation above. We have 



i=l,...,iV 
I 



N 



»=1,...,JV \A; = / 

I 

i=i,...,JV \fc=o / '^^ 

k=0 \i=i,...,JV / 



N 



fc=0 



where we have used the fact that {d / dn)K,Q^%l) on hVL equals a second order tangential 
operator in ip. Hence, 

— \q{lCvidil))K - r]{dlCnij)K\ = T2ip + Lo{]Cni')- 
Finally we prove the estimate. Using ||TRI|| Theorem 4.2.4 and Corollary |7.3| , we have 

\\wi\\s < c(\\LilCndilj\\Fs-2 + \\L2ICqiIj\\fs-2 + \\T2ip\\w^'y^n) + l|ri^n^lU=-3/2(n)^ 

< c(^\\ICQdtlj\\Fs-i + \\ICnip\\s + llV^L+i + ll^n^lu; 
<c||^||.+i. □ 



Lemma 11.8. Let ip G A''- Then for 1^0, the function [riG^ijj]i is a solution of 
the following boundary value problem: 

(- A +eC2 + I)w = [r]iLi{Gni^)] ~ — 
|^ = (-A.+/)f^ + C 

, OXo OXq 

Here ( is a function satisfying the estimate 

\w=-'i/'^{bn) < c||?7i^/'||s+i, 



on 



on 



pN 
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Proof. As in the proof of Lemma |11.6| we need only check that the boundary equation 
is satisfied, and that the desired estimate holds. 

Notice that, by Lemma |11.4| , on the set {xq = 0}, for / ^ 0, we have 

9 [ 1 ~ ~~ ~ ~ 



dxo 



where E2 is defined as in Lemma |1L4 . 

On the other hand, if / ^ 0, on we have that 



d 



dxn 



i=l,...,N 



dxo 



J 



i=0,....N 



where T2 is a second order tangential differential operator. Here we have used the 
fact that {d/dxo)}CQilj on the set {xq = 0} equals a second order tangential operator 
on ip. Therefore, for / ^ 0, 



dw 



dxo 



At +/) 



dip, 



01 



dx(] 



- E ^ - E miKXi{K,ni!) + [Lo(/Cq7/')]/ + {T2r]il))i 



i^l,...,N 



Hence we need only check the estimate. 
Let Wi be given by Lemma |11.7| . Then 



C = - E ^ikV dlCntp 



K 



+ Wi 



Y r]aiKXi(jCni') ^ + [Lo(/CnV^)]/ + {T2r]4))i. 



1=1,.. ..AT 



Using the above equality. Lemma |11.5|, Lemma |11.7| , and Corollary [7.3| we see that 



< \\r]i(dlCntlj 



K 



< c(||?7i/CQV^||,4/s-i/2(fef^) + ||wi||vy.-i/2(fef^) + llr^iV^II^+i^ 

< c||r7i^||,+i. 

This proves the estimates and concludes the proof. □ 
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End of the Proof of \TT^. We are finally able to compare rjGnip j and G^N+i{riip) ^. 

We begin with the case I 3 0. By ( |11.7D and Lemma |11.8| it is easy to see that the 
function w solves the boundary value problem 



A +I)w = {-tC2 
w = {-eT2){r]i))i + r]i{Titp)i + ( 



on 
on 



^N+i{r]'ilj)\\Fs-i + e 



s+2 



i+1 



where ( is as in Lemma |11.8| . Therefore, using Theorem 4.2.4 in |[TR1|| , Lemma |11.8| , 
and Corollary |T]^ we see that 

\\w\\s < c(^e\\L2{ilGQ^)i\\F-'2 + WviLiiGnip^F'-^ + ||e7^(r/V) + vTii^Ww^-^/^bn) 

+ IICIIty''-i/2(6Q)) 

< c(^e\\7]Gn^\\s + \\vGn^\\Fs-i + 

<c(e||r/V^||,+2 + ||r/^||s+i), 
where we also use the estimate 

\\vGni^-Gnivms<chins+i- 

This follows by writing Gq = ICnd + ICnd, and noticing that the commutator between 
K,n and the multiplication by is a order operator, since rjJCnO — }Cn{i]6) solves the 
boundary value problem 



(A - I)w ^ Li(K„l 
K on 



on Q 
on bQ 



This is a problem to which we apply Theorem 4.2.4 in |[TR1|] again. 

Now let 1^0. Then the function w solves the boundary value problem 



i-A+I)w = i-eC^) [vGn^ ~ + ViLi [G^^ 



dw 
dxo 



OXr) 



on 



on 



pN 



where ( is given by Lemma |11.8| . Therefore, by Corollary |7.3| , 

Iklls < e||#||,+2 + c (WviGni^WF-'Hn) + WCWw-^/^m 



<e\\vij\\s+2 + c\\mHs+i. □ 
12. The Decomposition Theorem and Conclusions 
Proof of the Main Result. We are now in a position to finish the proof of Theorem 



2.6 



Let X be the subspace of W^^ {^l), {s > 1/2) consisting of the forms satisfying 



the boundary conditions 



G dome?*. Observe that X is a closed subspace of 
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Wg~^'^{fl), (this is the reason why s > 1/2). By the Regularity Theorem |1 1 . 1| we know 
that, on X, the norm 

L+i + ||(-A+Gn 



is equivalent to the norm ||'?/;||s+2- Let V be the orthogonal projection of X onto the 



kernel of — A +Gq. Then, by standard functional analysis arguments, (see [[ZIE 
p.178), 

U-Vijl+i<C\\-A^ + Gn^P\\s- 
Therefore, if ip is orthogonal to the kernel of — A +Gn, the regularity theorem 
Theorem |11.1| says that 

\ms+2<Cs\\-Aij + GnHs. 

We now complete the proof of the existence theorem — Theorem |9]^. For a G flTi^ 
fixed, we approximate a by G Z = [F — I){V). For such a^'s we can find 0^ ^ 
orthogonal to Tiq, solutions of the boundary value problem, and such that, for a > 1, 



\s+2 < Cs\\a\\s. 

Thus the 0m's converge in W^'^'^ to a certain 0. Clearly solves the boundary 
value problem with data a, since the boundary conditions are preserved in the 
topology for s > 1/2. 

Hence, if a G W^i^Q), (s > 1) and a is orthogonal to ker (— A +Gn) in the 
inner product, then there exists a unique solution to the problem ( p.2| ) — G W^~^'^{Q) 
orthogonal to ker (— A +Gq) and such that 



|s+2 < C's||a||s- 

If a G W'^{Q) with 1/2 < s < 1, then we still have existence and regularity by using 
a density argument, since a G W^{Q) can be approximated by am G W^{Q) in the 
-topology. This concludes the proof of Theorem |2.(j|. □ 



Decomposition of Wg. The aim of this part is to prove the following result: 

THEOREM 12.1. Let be a smoothly bounded domain in M^+^ Let W^{n) 
denote the 1-Sobolev space of q-forms. Then we have the strong orthogonal decom- 
position 

wi = dd*{wi)^d*d{wi)^n,, 

where TCg is a Unite dimensional subspace, and d* denotes the Wg-Hilbert space 
adjoint of d. 

Proof. All of this is standard. If a is orthogonal to Tiq then a belongs to {dd* + 
d*d)Wg. The fact that d{Wg) and d*{Wg) are orthogonal subspaces is also clear since 

(rf0,ci»i = (ci20,V^)i = 0, 
for all 0,^ G C°^(n). □ 



L. FONTANA, S. G. KRANTZ, AND M. M. PELOSO 



In the case g = we are able to determine the harmonic space Tio- The rest of the 
section is devoted to this end. 



THEOREM 12.2. We have that Hq 
value problem 



d*du = f 
du G dome? 



{constants}. More precisely, the boundary 
on VL 



12.1 



has a unique solution u orthogonal (in the W^{VL) inner product) to the constant 
functions, for each f G W^{Q) which is also orthogonal to the constants, i.e. 



Jn 



0. 



This theorem is a consequence of the next theorem. By equation ( |7.2| ) we can 
rewrite the boundary value problem (|12.1D as 




Au + Gnu = f 
d ( du^ 



dn\ dxn 







on Vt 
on hVL 



'12.21 



where n = {hq, . . . , n^v) is the normal vector field. By our choice of n, and by setting 
Gqu = V we obtain the new system 



-Am 

Av — V 



f 







dv 





du ^ 
dn 



n 



on f2 

on hVl 
on VL 

on hVl 



Now assume / to be suffiently regular. By solving the first equation for v and 
substituting we find that ( p.2.2| ) finally becomes 



Au 




/-A/ 



An-^r;[(Vy»Ln 

fc=0 



dn 



du 
dn 



dn 



on VL 
on hVt 

on hVl 



12.3) 



This last is the problem that we are going to study. 



THEOREM 12.3. The boundary value problem (^T^) is elliptic. It has index 0. 
The kernel of the system is given by {u = constant} and a (unique) solution exists 
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for each piece of data f that satisfies 

f f = 0, feW\r>2. 
Jn 



REMARK 12.4. The condition / G W^, r > 2 is necessary in order to guarantee 
that A/ G L'^{n). In this case the solution u satisfies the estimates 



that is, for s > 0, 



df 



dn 




< C 



i+2 + \\U\ 



This result, when applied to problem ( [12.1| ), is not optimal. This is the reason why 
we had to go through the more complicated computations in the previous sections. 

Proof. In order to prove that the boundary value problem is elliptic it suffices to 
verify the Lopatinski condition as in ||H0R1|| . This is standard, and since we do not 
use this fact in what follows, we leave the details to the reader. Thus the boundary 
value problem ( |12.3| ) admits solutions with appropriate estimates modulo a finite 
dimensional kernel and a finite dimensional cokernel. Our next job is to explicitly 
determine this kernel and cokernel. 

Determination of the Kernel: Suppose that the function m, defined on Vt, satisfies 

on 



'A(An)- Au 

^ = 

d'n? 

— A«-5:r;[(Vy,rf«)Ln 

fc=0 



on hVL 

^ = on 61] 
on 



We intend to show that u must therefore be constant. This will then imply that the 
kernel is the one dimensional space of constant functions. Without loss of generality 
we suppose that all functions are real valued. 
Using Green's theorem we see that 



= / M A Am - M dV 
In 



Jn Jbn on 



Am— 
bn on 



|grad-u| 



r du 
Ibn dn 
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Thus we find that 



/ I A + Igrad-ul 
Jn 



N 

fc=0 

An - luY^Y:\iVy,du)[n 



(2"'^ bdry. cond.) 



bfi dn 

du 
bQ dn 



u 



bn 



^ du 
dn 



N 



bn 



k=0 



;i2.4) 



Now we consider the second integral on the right hand side of equation ( |12.4|) . We 
have 



N 



n 



k=0 



u 



n 



bn 



(l*^* bdry. cond.) 



^ Jbn 

d_ 

2 Jbn dn 



- dn 
Igradwp 



where we use the first boundary condition, and the simple facts that (Vy^.c/w) \_n = 
{d/dn)YkU, and that Igradwp = J2k l^fcWp + \ {d/dn)u\'^. 

Substituting this last equality into ( |12.4|) , and using Green's theorem again, we 
find that 



Au\ + Igradwl 



^ du Id 



gradup 

/ I A -up + grad-u ■ gradfA-u) A (IgradtiP). 

Jn 2 



Notice that 



(du \ du du 
A- — 7" h 2grad7- — ■ grad 
dxj dxj dxj 



du 

dxj 



du 

2grad(AM) ■ gradu + 2 gradTr — ■ gradTr — . 

J dXj dXj 



As a result, 



/ I A -Up + |grad-up = / | A -up — gradT- — -grad 
Jn Jn , dxi 



du 
dxi 



HODGE THEORY IN THE SOBOLEV TOPOLOGY 



89 



That is, 



/ \gmdu\'^ + J2 
Jn , 



grad 



du 



0. 



This equahty imphes that u is a constant. 

Determination of the Cokernel: We want to show that if / is such that the 
system ( |12.3| ) admits a solution then 

/ / = o. 

Jn 

Notice that this would imply that Cokernel ^ (ker(/ ^ Jq f)j ■ 
We have 

r d 

Jn 



A(Au) - Au 



(2"<^ bdry. cond.) 
(Green on bn) 



bn 



bn 



dn 



'Au — u) 



5:F;[(Vy,rf«L) 

k 

dl 

bn dn 



n 



dl 
dn 



- / A/. 

Jn 

Now the left hand side in these last equations equals — A/). Therefore 

/ / = o. 

Jn 

Now we examine the dimension of the cokernel. Suppose that 
and 

{g; vi, V2) -L Range of ( |12.3|) , 

i.e. 



/ iA^u-Au)g+ f 
Jn^ ' Jbn 



Vn — {— 



+ 



Ibn dn ^ ~'~ S ( dTi) dn 



V2 = (12.5) 



for all u G C°°. Then we want to show that 

(5'; ^1)^2) lies in some one dimensional subspace. 
This will finish the proof. 



90 



L. FONTANA, S. G. KRANTZ, AND M. M. PELOSO 



Thus suppose that (12.5) holds for all u e C^{fl). By taking u e C^{fl) and 
integrating by parts we obtain 



0= / g{A\-Au)^ [ u(A'g-Ag). 



This equahty implies that A'^g — Ag — on Q.. 

Next, assume (12.5) and apply Green's theorem to the integral on Q,. It equals 



fAg{A-I)u+f g^(A-I)u-f ^(A-J) 
Jq JbQ on Jbn on 

= u{A^g-Ag)+ ^^9' ^JT ^ 9 
Jii Jbn on Jbn on 



+ 



bn on 



9- 



du 



- I Au 

bfl 



dg_ 
dn 



+ 



u— 
bn dn 



IbQ dn 

Substituting this last identity into (12.5), and recalling that A^g — Ag = on Q we 
find that 



= 



f du . f o A f . f 

/ 7r^9- ^Tr^9+ 9Tr^u- g 
Jbn on Jbn On Jbn on Jbn 

dg 



du 
dn 



_ f Au— + f u— + [ — 
Jbn dn Jbn dn Jbn dn^ 



Vl 



Jbn dn ^ Jbn ^ ^ Jbn dn 

du 



u 



bn 



dg 

dn dn ^ 



~^ Ln dn 



+ 



+ 



d'^u 



bn dn^ 

f d 

/ (5' + ^2)^Aii. 

Jbn dn 



V* 



^9- 9-V2 
{Vy^^du) [fi 



V2 



bn 



A ^9 
dn 



(12.6) 



Therefore we have 

0=/ 

Jbn 



u 



dg ^ ^ 
dn dn ^ 

-E 

k 



+ 



r du 
Jbn dn 



^9- 9-V2 



+ 



/ 

Jbi 



d'^u 



bn dn^ 



Vl 



bn 



d_ 
dn 



Yku]YkV2 - I Au^ + 



bn 



d 



dn Jbn dn 



Au{g + V2). (12.7) 



As in the half space case, we write x' to indicate the variable in bD,. Given any 
function v on bfl, we let 

v{x) = v{7l{x)) = v{x'), 

where tt is the normal projection defined in a neighborhood of bfl. The functions v 
are defined in a (fixed) neighborhood of bQ. Then we can extend them to all of W^'^^ 
by multiplying by a (fixed) cut-off function. 
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Now we proceed in several steps to calculate the cokernel: 
Step 1: Take u{x) to be of the form 

where ui G C°°{bfl) is generic. Such a choice yields that 

g + V2 — on bfl. 

Proof of Step 1: For such a choice of u, equation (12.7) becomes 

d 
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Now, 



d_ 
dn 



A 



d_ 
dn 



Ui A + 2^gradp^ • gradui) + p^ Aui 



6ui. 



bQ 



[It is a standard fact that we may assume that [dp/dn) = |gradp| = 1 on hO,] This 
implies that g -\-V2 — Q otlWI. 



Step 2: Take u = p'^{x)ui{x) with ui e C°°(6Q). This imphes that 



Vl 



dg_ 
dn 



on hVt. 



Proof of Step 2: Using Step 1, we see that this particular choice of u gives 



Au 



bfl 



= A(p'u^) 
— (ui A p^ + 2gradp^ • gradiii + p^ A uij 



bn 



— 2|gradpptii 
= 2iii, 

while {d'^p^ / dn) = 2 on hVl. Therefore, 

^ dg_ 
dn 



bn 



on 
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Hence, putting Steps 1 and 2 together, equation (12.7) becomes 







u 



dg ^ 

dn dn ^ 



JbCl on Jbi 



d'^u dg 
bci d-n? dn 



+ E 

k 



bn 



d 



dg 



—Yku]Yk^ / Au-^ (12. 



dn 



'dn 



dg 



bCl 



dn 



for ellue C°°(Q). 
Step 3: We have that 

du . r d'^u dg 



/■ + / I \—Yu\Y — - I Au— 

JbQ dn Jb^dn^dn^ Jbn^dn dn Jbo. dn 



dg 



dg 



j u 

Jbfl 



+ 



/ 

Jbi 



du d'^g 
bn dn dn 



:i2.9) 



Proof of Step 3: Recall that for A; = 0, . . . , A?", Yj. = Dj. — nk{d/dn), and that 
n — J2j iT-jDj. Therefore, it is easy to see that 

Thus a repeated application of Green's theorem gives that 



hn dn 

Jbn dn ^ hn 

du 

l\g + ^ 

k 



f ^ Ag+ f ^^^y f \^Yku]Yk— - / A 
Jbn dn Jbn dn'^ dn ^ Jbn^dn dn Jbn 

d 



dn 
dg 



dg_ 
dn 



u- 



. YkU]Ykr, 

dn dn 



bn dn 



= / + / gradDfcM • gradDfeM - / /\u/\g 

Jbn dn ^ \Jn J Jn 

^ [ +Y f (—^£^ _ / ^ A 

Jbn dn ^ Jbn^dn dn Jbn dn 

du / d 



du d^g 
bn dn dn^ 



This proves Claim 3. 

Now because of Step 3, equality (12.8) becomes 



/ " 

Jbn 



dn dn 



+ 



du d'^g 
bn dn dn 
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Thus g must satisfy the system 



on Q, 




k 



on hO. 



on 



Using the first boundary equation we can rewrite the second one as in the homo- 
geneous problem that we have studied earher when we calculated the kernel. We 
conclude that g = C. Therefore the cokernel of the problem is given by 



which is obviously a one dimensional space. 

All of these calculations can be applied to our original problem provided that 
/ e W^{n). Using the regularity result we can extend it to all / G W^, s > 1/2 
and conclude that has a unique solution u with J^u — 0, for all / e W^{fl) with 



In the present paper we have laid the foundations for Hodge theory of the standard 
exterior differential operator d in the Sobolev topology acting on g-forms on a domain 
in M^. The theory that have presented here is complete. However, there is much 
work that remains to be done. For maximum applicability, the Hodge theory on a 
(compact) manifold needs to be developed. Also the case of all s and all q should be 
treated in a unified manner. 

The ultimate goal of this program is to develop the Hodge theory of the 5-Neumann 
problem in the Sobolev topology on a strongly pseudoconvex domain. We will turn 
to this task in a subsequent sequence of papers. 
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